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Abstract

Randomized sketch-and-solve algorithms accelerate overconstrained ¢, regression by replac-
ing the input with a much smaller, randomly projected problem. Standard subspace embeddings
guarantee that the cost of the regression is nearly preserved, but coordinate-wise accuracy of the
solution is more delicate: instead of preserving the objective value, we want the solution vector
itself to be close to the optimal solution in /5, norm. In particular, we want to find a vector
2’ € R? such that |2/ — %[00 < 5 | Az* —b||2 - | AT||op, where A € R"* is the design matrix,
b € R" is the label vector, z* € R¢ is the optimal solution and AT is the pseudo-inverse of A.
Price, Song and Woodruff initiated the study of this problem and showed that the subsampled
randomized Hadamard transform (SRHT) with O(e~2d!+®(Vleglogn/logd)y yows achieves this
guarantee. A subsequent work of Song, Ye, Yin and Zhang claimed to improve the row count
to O(e_2d10g3 n). Unfortunately, their proof relies on an independence assumption that does
not hold in general, and we exhibit an explicit instance on which it fails.

To achieve a truly nearly-linear-in-d row count, we introduce a new fast, dense randomized
transform, which combines a randomized Hadamard flattening, a random permutation, and
balanced, disjoint Gaussian pooling. Conditioned on the Hadamard-and-permutation stage, the
sketched problem becomes an exact Gaussian regression in which the noise is independent of the
entire sketched design; this conditional independence is exactly what the earlier argument was
missing. Our sketch yields the £, guarantee with m = O(e~2dlog d) rows, uses one Hadamard
pass with a padded internal dimension N = O (n+€72d?), and is efficient to apply: the sketched

pair (SA, Sb) can be computed in O(Ndlog N) = O(nd + ¢ 2d*) time.

1 Introduction

Least-squares regression is a workhorse of scientific computing, numerical linear algebra, and mod-
ern machine learning pipelines. In the overconstrained setting, a data matrix A € R™*¢ with n > d
and a label vector b € R™ are given, and one wishes to (approximately) minimize ||Ax — bl|2 over
x € R?. A natural way to speed this up is to compress the problem before solving it: the sketch-
and-solve paradigm draws an oblivious random matrix S € R™*" with m < n, forms SA and Sb,
and solves the m-row problem min pa ||SAx — Sb||2 instead. Randomized compression of this kind
traces back to the Johnson-Lindenstrauss lemma [JL84]: any N points in Euclidean space can be
mapped into O(e 2log N) dimensions so that every pairwise distance is preserved up to a 1+ ¢
factor, and Larsen and Nelson [LN17] proved that no embedding, linear or not, can do better in
the worst case. Regression asks for more than pairwise distances, and the right tool is an oblivious
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subspace embedding [Sar06, DMMS11]: a random matrix that simultaneously preserves the norm
of every vector in a fixed low-dimensional subspace, which suffices for relative-error guarantees
on the objective. Such embeddings admit fast implementations of two kinds: dense ones built
from randomized Hadamard transforms, and sparse ones built from hashing, including CountS-
ketch, which originated in streaming frequency estimation [CCFC02] and later enabled regression
in input-sparsity time [CW17], and OSNAP [NN13], which refined the tradeoff between sparsity
and embedding dimension.

Guarantees of this type, however, primarily control the residual or a global norm of the solution
error. When S is an oblivious subspace embedding with distortion €, the minimizer x’ of the
sketched problem satisfies |2’ — *|a < O(e) - || Az* — b|2 - ||AT||op, Where z* denotes the optimal
solution. For a direction a € R fixed independently of the sketch, Cauchy-Schwarz then gives

[(a,2" —a*)| < O(e) - llallz - [ Az* —bllz - [|A[lop-

This estimate, however, leaves a factor of v/d on the table: for a generic direction a, the deviation
should scale like a 1/v/d fraction of the £ error, and a bound of this refined form, applied simul-
taneously to a = ey, ..., eq, yields an {, guarantee on 2’ — z*. Price, Song and Woodruff [PSW17]
confirmed this prediction for the subsampled randomized Hadamard transform (SRHT), albeit
with a row count that is superlinear in d. [SYYZ23] later claimed a nearly-linear-in-d row count by
combining a constant-distortion oblivious subspace embedding with an oblivious coordinate-wise
embedding for a fixed pair of vectors. Unfortunately, their argument applies the fixed-vector guar-
antee to a direction that contains the inverse of the random sketched Gram matrix and therefore
depends on the same sketch. The stated guarantee does not cover this adaptive choice, and as we
show in Section 2, the gap is genuine rather than merely formal.

In this work, we introduce a new sketch, which we call the balanced Gaussian-pooled transform,
and prove that it achieves the /o, guarantee with a truly nearly-linear-in-d row count. Since this
sketch is the central object of the paper, let us first state its ingredients explicitly. The transform
factors as

S := BD,IIFyD,J,

applied from right to left: J pads the input from dimension n to a larger internal dimension N
by appending zeros, D, is a diagonal matrix of random signs, Fy is one normalized Hadamard
transform, II is a uniformly random permutation, D, is a diagonal matrix of independent standard
Gaussians, and B partitions the N coordinates into m consecutive blocks of equal size and sums
each block. We call the block-summing step Gaussian pooling, since each row of the sketch pools an
entire block of Gaussian-weighted coordinates; the blocks are balanced in the sense that, with high
probability, the Hadamard transform and the random permutation spread the subspace relevant to
the regression so evenly that every block carries a nearly equal share of its energy.

The intuition behind the construction is to expose the randomness in two stages. The first stage,
the randomized Hadamard transform followed by the random permutation, flattens and shuffles the
(padded) column space of A together with the residual direction, so that every block becomes a
nearly isotropic copy of this fixed (d + 1)-dimensional subspace. Conditional on the first stage, the
second stage takes over: because the pooling blocks are disjoint, the rows of the sketched problem are
independent Gaussian vectors, and the sketched least squares becomes an exact Gaussian regression
whose noise is independent of the entire design. The inverse sketched Gram matrix may then
depend on the design in an arbitrary fashion, and no fixed-vector guarantee is ever applied to a
sketch-dependent direction. With probability at least 1 — §, the resulting estimator satisfies the
fixed-direction guarantee with m = O(e 2dlog(1/6)) rows, and the simultaneous guarantee over



all d coordinates with m = O(e 2dlog(d/J)) rows. The transform uses a single Hadamard pass,
but we emphasize that it is not the canonical SRHT: the analysis works with a padded internal
dimension N = O(n + ¢ 2d?).

1.1 Main Result

Let A € R™ 9 have full column rank, let b € R™ and write 2* := argmin,||Az — b|j2, & :=
arg min, ||SAx — Sb||2. For a fixed direction a € R?, the target is
. €
ja" (@ —a*)] < —= llall2 [ Az" — b}z [ AT lop. (1)

Vd

Taking a = e; and union bounding over j € [d] gives the corresponding ¢, estimate.

Theorem 1.1 of [SYYZ23] claims Eq. (1) for the canonical SRHT with m = O(e~2dlog3(n/d))
rows. As we explain in Section 2, the proof of that claim is incomplete, and the issue cannot be
repaired within the same argument. What we prove instead is the following.

Theorem 1.1 (Main result). Fiz 0 < ¢ < 1 and 0 < § < 1/2. There is a distribution over
oblivious linear maps S € R™*™  each of which can be applied with a single randomized Hadamard
transform, such that for every fized A,b,a, a single draw of S satisfies Eq. (1) with probability at
least 1 — & when m = O(e2dlog(1/d)). The guarantee holds for all d coordinates simultaneously
using m = O(e2dlog(d/§)) rows, with the failure parameter 6 /d used throughout the construction.
The map is the balanced Gaussian-pooled transform defined in Definition 4.1. Its padded internal
dimension N and total classical runtime T are

N=0mn+e2%d®, T =0(NdlogN + Tma(d,m,d) +d*) = O(nd + ¢ 2d%).

Herej'mat(a, b, c) denotes the arithmetic time required to multiply an a X b matriz by a b X ¢ matriz,
and O suppresses logarithms in n,d,1/e,1/6.

Remark 1.2. For the canonical one-shot SRHT, Theorem 10 of Price, Song, and Woodruff [PSW17]
is the rigorous dependency-safe baseline. Under their assumptions it gives the same fized-direction

regression conclusion with
m = O<€—2d1+9(\/10glogn/ logd))

and polynomially small failure probability. Its Neumann-expansion proof handles reuse of the same
sketch, but the row count is d*°1) | not dpolylog(n). Obtaining the latter for the canonical SRHT
without the padded block construction would require an argument beyond this paper, for example,
a suitable anisotropic inverse-Gram or fluctuation-averaging estimate; we leave closing this gap as
an open problem.

Roadmap. In Section 2, we describe the dependency issue in the argument of [SYYZ23] and
construct an explicit instance showing that the gap is genuine. In Section 3, we show that the
natural fix of replacing the Rademacher diagonal in the SRHT with a Gaussian diagonal fails as
well. In Section 4, we define the balanced Gaussian-pooled transform and explain the conditional-
regression viewpoint that repairs the argument. In Section 5, we show that, conditional on the
Hadamard-and-permutation stage, the pooled rows are independent Gaussian vectors with explicit
covariances. In Sections 6 and 7, we develop the block geometry supplied by the randomized
Hadamard transform and the exact conditional Gaussian regression representation. In Section 8,
we prove concentration for the conditional design and bias, and record that our transform is an
oblivious subspace embedding. In Sections 9 and 10, we prove the corrected core lemma and transfer
it to least squares. Finally, in Section 11, we bound the running time of our sketch.
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2 The original dependency bug

Take a thin singular value decomposition A = ULV " and define the least-squares residual r :=
b — Az*. The normal equations give U7 = 0. Whenever SU has full column rank,

Tz =Vve Y UTSTsU)tuTSsT s
Left-multiplying the preceding identity by ¢ and using the notation defined below gives
a'(@—z")=c"G'h, (2)
where
c:=%X"V'"a, G:=U'STSU  h:=U"S'Sr

Define u(S) := UG~ 'c = U(UTSTSU) te. Since G is symmetric, ¢! G~ h = u(S)" ST Sr, and
since UTr = 0, we have u(S)"r = 0. Hence Eq. (2) can be written in the exact OCE form
"G h=u(S)TSTSr =u(S)T(STS — Ir.

Definition 2.1 (Oblivious coordinate-wise embedding, [SYYZ23]). Fiz f > 0, 0 < § < 1, and
positive integers m,n. A distribution D over matrices S € R™*™ is a (3,0, n)-oblivious coordinate-
wise embedding (OCE) if, for every fixed pair g,h € R™ chosen independently of S, a draw S ~ D
satisfies

P

STs -1 <
lg (S°S n)h‘—\/m

lgll2llPll2
with probability at least 1 — §.

The original proof of [SYYZ23] applies Definition 2.1 to the pair (u(S),r). This is not allowed
because u(S) depends on the same random sketch S. The definition has the quantifiers

for every fixed g, h, P;r[failure for g, h] <9,

not
l?gr[failure for an adaptively chosen u(S),r] <.

Conditioning first on the event that S embeds the column space of A (Definition 8.2) does not help:
it changes the law of S, while u(.S) still depends on the remaining randomness. A norm bound on
u(.S) does not make it fixed, independent, or covered by a uniform OCE statement.

2.1 The gap is genuine, not merely formal

The following compact example shows that OSE plus fixed-vector OCE does not imply the adaptive
inverse-Gram conclusion.



Proposition 2.2 (OSE and fixed-vector OCE are insufficient). For every sufficiently large d,
there is a distribution Dg on S € RUTDXHD) gych that all singular values of S lie in [0.9,1.1]
deterministically and, for every fized g,h € R and every 0 < § < 1,
log(2/6
Pr [lg7(57S ~ Lue)hl > Oy B g < 6
S~Dy d

Equivalently, after changing C' by an absolute factor, Dy is a (C'\/log(2/9),6,d+1)-OCE according
to Definition 2.1. Nevertheless, a fized one-dimensional regression contrast is bounded below by an
absolute constant with probability one.

Proof. Let U := |ey,...,eq], draw v uniformly from the unit sphere in span(es,...,eq), and fix
p:=1/20 and a := 1/20. Define
M(v) = [gf}) Oﬂ . B):=1I;—plerv’ +vel),  S:=M(v)"/2

Let D4 denote the resulting distribution of S. On span(ej,v,eq41), the perturbation M — I has
eigenvalues 0 and ++/p? + o?; it vanishes on the orthogonal complement. Since y/p? + a2 < 1/10,
the matrix M is positive definite. Moreover, STS = M, so the singular values of S are

]-a \/1_VP2+042a \/1—'_ Vp2+a2a

together with additional copies of 1. They all lie in [0.9, 1.1].
Let H := span(ea, ..., eq) and let Py be the orthogonal projector onto H. For fixed g, h € RA+T,

direct expansion gives
g" (M —Dh=v"w,

where the fixed vector

w = Py[—p(g1h1.a + h1g1.a) + a(har191:a + gar1P1:a)]
satisfies
w2 < 2(p + a)llgll2|7]|2-

Consequently, spherical concentration [DG03, Lemma 2.2] gives a universal constant C' > 0 such
that, for every 0 < § < 1,

log(2/4
Prilg (5T — Lusnl > B2 g ) < 6

Since the sketch has m = d 4+ 1 rows, increasing C' by an absolute factor shows that Dy is a
(Cy/log(2/6),0,d + 1)-OCE according to Definition 2.1.

Finally, take A := U, b := eg41, 7 := eqq1, and a := e;. Then UTr = 0, so the least-squares
minimizer is 2* = 0. Since S'S = M,

(SAYSb = (UTMU) U Mr = B(v) }aw).

On the ordered basis (e, v) of span(ey, v),

B(v):[l ﬂ, B(v)! = 12[1 p]

—p 1—p*lp 1
Consequently,
T tap — &P
SA)'SH = .
e (5480 = 12
This is independent of d, whereas the claimed fixed-OCE conclusion would tend to zero as d —
00. ]



3 Why a Gaussian diagonal in the usual position also fails

One might replace the Rademacher diagonal in m~Y/2PHD by a Gaussian diagonal. This does
not repair the argument. Let H be an unnormalized Hadamard matrix, let P sample m rows
independently and uniformly, and put

S:=mY?PHD,, K:=m'H"P'PH.

Here D, := diag(y1,...), with ~; N (0,1), independently of P. For two distinct Hadamard
columns, K11 = K99 =1 and

1 m
= K9 = —
p 12 m;Ck

for independent Rademachers (. With u := 61\'/%62,7‘ = 61\;52, we have w7 = 0, but the one-

dimensional sketched regression coeflicient is

UTSTST 72 . 72
=L (3)

ulSTSu V43 +2pmy2

Hoeffding gives Pr[|p| > 1/2] < 2¢~™/8. Independently, the ratio R, := 71 /72 is standard Cauchy.
The two disjoint events |R,| > 2 and |R,| < 1/2 therefore give

4
Primax(s},43) > 4min(17,73)] = Pr|R,| > 2] + Pr[|Ry| < 1/2] =2 — ~ arctan2.
™

To verify the claimed constant, put a := max(y?,73) and b := min(y?,73). On the imbalance event,

a > 4b. If also |p| < 1/2, then
3a

2 2
_ —a—b> 2

M —ml=a-b=-,

whereas .
a

!7f+7§+2p’y172!Sa+b+\/abgz.

Thus the absolute value in Eq. (3) is at least 3/7. The two events are independent, so this happens
with probability at least

4
(2 — = arctan 2)(1 — 2¢""/%)
™

for arbitrarily large m. Our construction instead places the Gaussian weights after norm flattening;
disjoint pooling supplies the independence that drives our analysis.

4 The balanced Gaussian-pooled transform

We begin with the formal definition of our sketch; the remainder of this section explains the ideas
behind its analysis.

Definition 4.1 (Balanced Gaussian-pooled sketch). Round the desired output row count m up to a
power of two, firx k € (0,1/2), and define A :=log(Cnmd/(kd)). Choose s to be the smallest power
of two satisfying

s > max{ [%LC%_Q(d + 1)A?%}, N :=ms.

Then N is a power of two and N > n. Let J : R" — RN append zeros and let Fy = HN/\/N be
the normalized orthogonal Hadamard matriz.
Draw independently:



e a Rademacher diagonal Dy € RV*N
o a uniform permutation matriz I1 € RNXN ;

e a Gaussian diagonal D~ := diag(y1,...,vn), with v, S N(0,1).

Partition [N] into m consecutive blocks By, ..., Bm, each of size s. Let B € {0,1}™N sum the
coordinates in each block, i.e., B;; := 1 if j € B; and 0 otherwise. Finally, define the balanced
Gaussian-pooled sketch S € R™*™ by

S := BD,IIFx Dy J. |

The regression solver sees only SA and Sb; there is no preliminary regression and no post-
compression of another regression solution.

The transform is dense in the original coordinates almost surely, but it is applied in factored
form: pad, flip signs, take one Hadamard transform, permute, multiply by Gaussians, and sum
blocks.

As we saw in Sections 2 and 3, the main obstacle is not subspace preservation alone, but the
dependence created by the inverse sketched Gram matrix. Write A = UXV' ', let 7 := b — Ax*,
and set X := SU, y:=Sr, M :== X" X, and ¢ := X'V "a. Whenever M is invertible, the normal
equations give a' (Z — 2*) = ¢' M1 X Ty. A fixed-vector OCE bound cannot be applied with the
direction UM !¢, because this direction depends on the same sketch; this is precisely the failure
mode described in Section 2. Our proof instead exposes the randomness in stages so that M ~!
may depend on the design while, after fixing the first-stage randomness, the remaining noise is
independent of the design.

Stage 1: balanced block geometry. The sketch in Definition 4.1 factors as S = BD,QJ,
where @ := IIFnyD,. We first expose Q). For r # 0, Lemma 6.1 applies @) to the padded augmented
orthonormal system [JU, Jr/||r||2] and shows that every balanced block is nearly isotropic simulta-
neously; the case r = 0 is handled separately in the core lemma. Claim 6.2 translates this event into
a nearly uniform block design covariance C;, a small design—residual covariance h;, and controlled
residual variance v;. Orthogonality and U r = 0 also give the exact identities Yo, Cy = 1Iq and
>t hi =0 in Claim 6.3.

Stage 2: exact conditional Gaussian regression. Fix a good realization of () and then expose
the Gaussian diagonal D.,. Because the pooling blocks are disjoint, Claim 5.1 gives independent,
centered, jointly Gaussian row pairs (z;,y;) across i, together with their exact conditional covari-
ances. Definition 7.1 assembles these rows into X, y, and M. Lemma 7.2 residualizes each pair
as y; = xiTGi + & and proves that, conditional on @, the entire noise vector £ is independent of
the entire design X. Its cancellation and score-decomposition parts give X 'y = Z + X '€, where
Z = Zgl(xzxj —C;)0;. Thus Z is a conditionally centered, design-dependent fluctuation, whereas
X T¢ is driven by a Gaussian noise vector ¢ that is independent of X conditional on Q. This exact
separation is the key repair.

Stage 3: concentration and assembly. Lemma 8.1 shows, uniformly for every good @, that M
is well conditioned and Z is small. We then condition further on (Q, X): the quantities M ~! and Z
are fixed, while ¢" M1 X T¢ is a centered Gaussian with controlled variance. The choice k = cg/ Vd
supplies the d~/2 factor for the bias, while the row count controls the Gaussian noise. Lemma 9.1



combines the block, design-and-bias, and noise events by the tower property, and Theorem 10.1
transfers the resulting core estimate to least squares and obtains the simultaneous coordinate bound
by a union bound. Figure 1 records the order of conditioning and the associated failure budget.

Fixed before the sketch is drawn: the subspace U, residual r, and direction c.

|

Stage 1: draw Q Stage 2: fix a good Q Stage 3: fix (Q,X)on G
Set Q = IFyD Draw D~ and form > M, Z,and c" M~1Z are
T By X = SU and €. fixed. Only £ remains random.
Y Conditional law given Q
Block event B(Q) Row pairs are independent
. . \(
Every block embeds the g(;ven Q,tanldlg %LdX‘Qa This _
augmented subspace. o€s not claim independence Noise event NV (Q, X, £)
without conditioning on Q. |cTM*1XT§| s o
JL most half the target.
|
Design-and-bias event G(Q, X) N holds /\'/C
5° M=XTX, M-I <% [
and || Z]|2 is small.
lgc Success Noise failure
fai F d Bias and noise given (Q, X)
Block failure oreveny goodiQ are each at most Failure probability
Pr[B°] < 46/4. Prp,[G°|Q] < 4/2. half the target. at most §/4.

| | | |

Tower-property accounting; independence of the events is not required
Prlfailure] < Pr[B¢] + E[1zPr[G°|Q]] + E[lpng PriN¢|Q,X]] < 6/4 + §/2 + 6/4 = 4.

Figure 1: Conditioning hierarchy in the proof. After @ is fixed, D, generates (X,§), with £ 1L X
conditional on Q. The design-and-bias event is measurable with respect to (@, X); after condition-
ing on (@, X), only £ remains random for the noise bound. The failure probabilities are combined
by the tower property, not by independence of the events.

5 Conditional Gaussian pooling

The first property we extract from the construction is distributional: conditional on the Hadamard-
and-permutation stage, the pooled rows are independent Gaussian vectors with explicit covariances.

Claim 5.1 (Conditional Gaussian pooling and exact block covariances). Put Q := IIFyD,. Con-
ditional on Q, for every p > 1 and fired T € RN*P, define

Yr := BD,QT, T; :== (QT)p, « € R**P.
Conditional on Q, the rows of Yp are mutually independent centered Gaussian vectors, and, for

every i € [m],
Covy ((Y7),1Q) = T, T



Moreover,

E,[Y, Y7|Q =T'T.
In particular, taking T = J gives Yy = S; hence, conditional on @Q, the rows of S are mutually
independent centered Gaussian vectors and E,[STS|Q] = I,.

Proof. For each i € [m], put g; := (7;);eB,- Since B sums the coordinates in each block, (YT)I* =

Z/_’ZT gi- Conditional on @, the vectors g; are mutually independent standard Gaussian vectors because
the blocks By, . .., By, are disjoint. This proves the asserted conditional Gaussian law, independence,
and covariance formula. Since the blocks partition [N] and @ is orthogonal,

BV Yr|Q =) T T,=T"Q"QT =T'T.

i=1
Taking 7' = J and using J'J = I,, proves the final assertion. O

The isotropy identity alone is not a concentration statement; the conditional row independence
is the stronger property used in the regression decomposition below.

6 Block geometry supplied by the randomized Hadamard trans-
form
The role of the Hadamard stage is to make every block a very accurate embedding of the one fixed

augmented subspace relevant to the regression. The parameter choice in Definition 4.1 implies
Eq. (4), after increasing the universal constant C.

Lemma 6.1 (Simultaneous block embedding). Let 0 < § < 1/2, and let W € RV*P be fixed
independently of (D,,II) and have orthonormal columns, with 1 <p < d+ 1. Put Q := IIFND,.
Let Wz‘ = (QW>Bi,*' If

s > Cr?*plog®(Npm/$), (4)

then, with probability at least 1 — § over (D,,II), the event
Evtock (W) := {||mW," W; — I,|| < k for every i € [m]}

occurs. Moreover, if n > d and s, N, A are chosen as in Definition 4.1, then Eq. (4) holds after
increasing the universal constant C, and

N = O(n+ms"2(d + 1)A?).

Proof. Put Zy := FnD,W and let z; := (ZO)jT,*' Since Fy D, is orthogonal and W has orthonormal

columns, Zjvzl zjij = I,,. Randomized-Hadamard flattening [Troll, Lemma 3.3] gives, except with
probability §/2,

C(p+log(2N/o
max |3 < LT 108@N/0)

FE[N] N (5)

Fix D, for which Eq. (5) holds. For a fixed block i, the set T; := II"1B; is a uniform size-s subset
of [N], and
W,'W; = Z zjzj—»r.



Then we have En[W,' W;|D,] = £ Z;VZI zjz] = LI, Moreover, Eq. (5) bounds every positive-
semidefinite summand by
C(p+log(2N/d))

~ .
Matrix Chernoff for sampling without replacement [Troll, Theorem 2.2], based on the comparison
principle of Gross and Nesme [GN10], now gives

-
25 | <

CK/Q S

P Wi — I D, <2 -
Hr[HmW’L W p” >"€‘ ]— pexp( p+10g(2N/(5)

).

For completeness, let Lo := log(Npm/d). In the present parameter range Ly > log2, and

pL}

S N
p+ log(2N/5) = “°

Thus Eq. (4), with a sufficiently large universal constant, makes the last probability at most §/(2m).
A union bound over the m blocks and the flattening failure proves that Epock (W) occurs with the
stated probability. The blocks need not be independent.

For the final assertion, put K := Ck~2(d + 1)A2. After increasing the universal constant C, we
have K > 1. The minimality of the power-of-two choice of s in Definition 4.1 gives

N =ms < 2mmax{[n/m], K} < 2n+2m +2mK = O(n + mK),

where the last step uses m[n/m|] < n+m and K > 1. Sincen > d, p < d+ 1, and A =
log(Cnmd/(k6)), this bound gives log(Npm/§) = O(A). Therefore s > Ck~2(d + 1)A? implies
Eq. (4), after increasing C' once more. O

Assume for now that r # 0 and identify U, r with their padded images JU, Jr. Since U'U = I
and UTr = 0, the matrix W := [U,7/||r||2] € RN*(¢+1) has orthonormal columns. Apply Lemma 6.1
to this W and abbreviate Epock = Eplock(W). Write U := QU, 7 := Qr, and, for every i € [m)],
define the block restrictions U; := (U)g, « € R4 7 == (F)p, € R®.

Claim 6.2 (Blockwise covariance bounds). Under the standing assumptionr # 0, for everyi € [m],
define
C; = UZTUi, h; == UZTFZ', v; = ||7i]|3.
On Epiock, the following hold simultaneously for every i € [m]:
(a) £, 2 Cp =< HEL,
(b) Nlhill2 < il
(¢) vi < SEE|Ir]l3.

Proof. On Epjock, we have |mW,"W; — I;,1|| < k, and the block Gram matrix is

mCZ —Id mhz/HTHQ

mW. W, — I, = .
T T ] el mw/ |3 -1

The upper-left principal compression satisfies |mC; — I4]| < k, which proves Claim 6.2-(a). The
upper-right rectangular compression satisfies |mh;/||r||2|| < &, which proves Claim 6.2-(b). The
lower-right scalar compression satisfies |mw; /||r||3—1| < &; its upper bound proves Claim 6.2-(c). [
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Claim 6.3 (Block-sum identities). The block quantities defined in Claim 6.2 satisfy, independently

of Evlocks . .
Y Ci=14 Y hi=U"r=0.
=1 =1

Proof. For the covariance sum,

m
Y C=UT=U"QIQU=U"U=1,
i=1
The first step follows from the definition of C; in Claim 6.2 and the fact that the blocks form a
partition of the row index set [N]. The second step substitutes U = QU. The third step uses
QTQ = Iy. The last step uses U'U = I,.
For the cross-covariance sum,

D hi=Ur=UTQ'Qr=U"r=0.
=1

The first step follows from the definition of h; in Claim 6.2 and the fact that the blocks form a
partition of the row index set [IN]. The second step substitutes U = QU and 7 = Qr. The third
step uses Q' Q = Iy. The last step uses U7 = 0. 0

7 Conditional Gaussian regression: the adaptive-safe step

Fix a realized @ for which &joex occurs. All probabilities in this section are now only over D,.

Definition 7.1 (Conditional observations, design, and Gram matrix). For every i € [m], put
9i = (V)keB;, € R®. Conditional on the fized Q), the vectors gi,...,gm are mutually independent
and each is distributed as N'(0,I;). Define the conditional observation pair by

Equivalently, x| is the i-th row of SU and y; is the i-th entry of Sr. Define the conditional design

)

matriz X € R™* by
Xiw =1, for every i € [m],

and define the response vector and conditional Gram matriz by
m
yi=W.oym) €R™, M:i=X"X=) mnaz R
i=1

Apply Claim 5.1 with T := [U,r] € RN*@+D) using the padded identification above. Since
(QT)B, « = [Ui, ], the pairs (z;,y;) are, conditional on this fixed ¢, mutually independent across
i, centered jointly Gaussian, and have covariance

Ci h;
h;l— V; ’

11



Lemma 7.2 (Exact conditional regression decomposition). For the standing r # 0 construction
and the fixed @ satisfying Epjock, Claim 6.2-(a) implies that every C; is positive definite. Define

91' = Cl-_lhi, ’7'»2 =V — h:cl_lhz

)

Define & = y; — 2, 0; and € := (£1,...,&,)" € R™. Conditional on this fixed Q, the variables
€1,...,&y, are mutually independent Gaussians with & ~ A(0,72), and the entire vector ¢ is
independent of the entire design matrix X. The defining identity is

Yi = m?@i +&. (6)

Moreover, we have:
(a) [|6sll2 < 2k]|r|2 for every i € [m].
(b) 72 < Z||r||3 for every i € [m).
(¢) X4, Cif; = 0.
(d) XTy=27Z+ XT¢, where Z := 3" (zz] — C;)0;.

Proof. Throughout the proof, condition on the fixed Q. Since @ depends only on (D,,II) and
is independent of D., the vectors g; remain independent standard Gaussian vectors after this
conditioning. Once @ is fixed, the quantities U;,7;, C;, h;, v;, 0;, and Ti2 are deterministic. By
Claim 6.2-(a),

1—-x

C; = I; > 0.

The first step follows from Claim 6.2-(a), and the second step follows from x < 1/2. Thus C; is
invertible and 0; = C;” Lh, is well defined. By the definitions in the lemma statement,

&=vi—x 0=y — =z C; .

Conditional on @, the pair (z;,y;) is centered and jointly Gaussian, so (z;,&;) is also centered
and jointly Gaussian. Moreover,

E, [2:4]Q] = B, [z%i|Q] — B[22, |Q)0; = hy — Ci6; = 0.

The first step substitutes &; = y;—z,! 6;, and the second step uses the covariance blocks E, [ziy:|Q] =
h; and E, [xzxﬂQ] = C}, and the last step uses C;0; = h;. Hence &; is independent of x;, because
zero covariance implies independence for jointly Gaussian variables.

Its conditional variance satisfies

E,[671Q) = vi — 0 hy = v; — h] C[ ' hi = 77

For the first step, expanding (y; — .T},LTQZ')Q and using the three covariance blocks gives v; — 291-T h; +
9;— C;0;, which reduces to v; — OZT h; because C;0; = h;. The second step uses ¢; = C; 1hl~, and the
last step is the definition of 72. In particular, 72 > 0, and conditional on Q, & ~ N(0,77).
Conditional on @, for distinct indices i and j, (x;,&;) and (x;,&;) are functions of the disjoint
Gaussian blocks g; and g;, so these pairs are independent; in particular, the & are mutually in-
dependent. For completeness, the stacked vector formed by all z; and &; is a linear image of the
jointly Gaussian vector formed by g¢1,...,gm, and is therefore jointly Gaussian. If ¢ # j, block
independence and centering give E,[z;£|Q] = 0, while the same identity for i = j was proved
above. Thus the cross-covariance between ¢ and the stacked design vector (z1,...,x,) is zero.

12



Joint Gaussianity now implies that £ is independent of the entire design matrix X. This proves
Eq. (6) and the asserted independence.
Proof of Lemma 7.2-(a). Because inverting a positive-definite matrix reciprocates its eigen-

values, Claim 6.2-(a) gives
m
cl < ——.
o7 < 2

Consequently,

_ K
16:ll2 < 1C MAallz < 7= lIrllz < 2x]irl>-

1—

The first step uses operator-norm submultiplicativity applied to 0; = C; Yh;. The second step
combines the preceding inverse bound with Claim 6.2-(b), and the last step uses k < 1/2.
Proof of Lemma 7.2-(b). We have

1+k

_ 2
0<7?=vi—h!C hi <v; < I3 < EHT’H%
The first step follows because 7'12 is the conditional variance computed above. The second step is
its definition, the third step uses C’;l > 0, the fourth step is Claim 6.2-(c), and the last step uses
Kk <1/2.

Proof of Lemma 7.2-(c). By the definition of 0;, we have C;0; = h;. Therefore, Claim 6.3
gives

D Cibi =) hi=0.
=1 1=1

The first step applies C;0; = h; term by term, and the second step uses the identity > ", h; =0
in Claim 6.3.
Proof of Lemma 7.2-(d). Using Eq. (6),

m

Xy = ixzyz = ixz$jez + ixzfi = (mix, — Ci)bi + f:ciel- +XT¢e=Z+X"¢.
i=1 i=1 i—1

=1 =1

The first step follows from the row definitions of X and y. The second step substitutes y; = a:;r 0;+¢&;
from Eq. (6). The third step adds and subtracts Y ", C;6; and uses > ", z;& = X "¢, The last
step uses the definition of Z and the cancellation in Lemma 7.2-(c).

O

This is the key repair: since the noise £ is independent of the full design after conditioning on
Q, the inverse M ~! may depend arbitrarily on the design X, and no fixed-vector OCE statement
is ever applied to a sketch-dependent vector.

8 Concentration of the design and centered bias

We record the standard scalar tools used below. If Gi,...,G,, ~ N(0,1) are independent and
ai,...,am > 0, then the Laurent—Massart inequality [LM00, Lemma 1] gives

Pr[| Y " ai(G —1)| > t] < 2exp(—cmin{
=1

12 t

m )
Doy af’ maxi<i<m a;

(7)
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For centered jointly Gaussian G, H, the standard Gaussian-product bound [Verl8, Lemmas 2.7.7

and 2.7.10] gives
|GH - E[GH]|ly, < CVE[G?E[H?], (8)

where || Z|y, = inf{t > 0 : E[e/?l/!] < 2}. Scalar Bernstein [Verl8, Theorem 2.8.1] converts
independent 17 bounds into the usual subexponential tail: if the Y; are independent and centered
with ||Yi|ly, < K, then, for t > 1, Pr[| >, Vi| > CK(v/mt +t)] < 2e~'. Finally, a (1/4)-net of
S9=1 has size at most 9¢ and controls a symmetric matrix norm up to factor two; a (1/2)-net has
size at most 5% and controls a vector norm up to factor two.

Lemma 8.1 (Design and bias concentration). Fix any @ for which &peex (see definition in
Lemma 6.1) occurs and let L := d + log(8/9). Let M be the conditional Gram matrix defined
in Definition 7.1, and let Z := >_1* | (z;2] — C;)0; be the quantity defined in Lemma 7.2-(d). If
m > CL, then, with conditional probability at least 1 — /2 over D., the following hold:

() |M - Igl| < 5.
(b) [1Z]l2 < Cllrla(y/ & + ).

These bounds are uniform over every fixed () for which &joex occurs.

Proof. Proof of Lemma 8.1-(a). Fix a unit vector u. Conditional on the fixed @), Claim 5.1
and Definition 7.1 imply that the vectors z1,...,x, are independent and x; ~ N(0,C;). We
define a; := v Cju, u'z; = Va;G;, where G1,...,Gp, are independent standard Gaussians. The
first relation defines a;. Claim 6.2-(a), together with the standing bound x < 1/2, shows that a;
is strictly positive. The second relation then follows by standardizing the independent Gaussian
variables u"z; ~ N(0, a;).

The coefficient bounds are

m m m
1+k 2 2
T T 2
E - a; = U (E - Cz)u uou=1, 1211357(” a; > m = m § - a; = (1%5%}; CL,) § - a; >~ m
1= 1= 1= 1=

For the first chain, the first step substitutes the definition of a;, the second step uses Claim 6.3,
and the last step uses ||u|l2 = 1. For the second chain, the first step uses Claim 6.2-(a) and the last
step uses k < 1/2. For the third chain, the first step uses a; > 0 term by term, and the last step
uses the preceding two bounds.
Since M = XX =317 a2/

70

m m m m
w' (M — Ig)u = Z(uTxi)Q —u'u= Z a;G? — Zai = Zai(G? —1).
i=1 i=1 i=1 i=1

The first step expands the definition of M. The second step substitutes u'z; = V/a;G; and uses

wlu=1= Yot ai. The last step collects the two sums term by term.
Eq. (7), with weights a; and threshold 1/4, gives

1 1

m

)
16377 af " dmax) <icm ai

f;r[]uT(M — Ig)u| > 1/4| Q] < 2exp(—cmin{ ) < 2e” .

The first step applies Eq. (7) to the preceding identity. For the last step, the coefficient bounds give
1/(16 >, a?) > m/32 and 1/(4maxi<i<m a;) > m/8, and the absolute factor is absorbed into c.

This fixed-u bound is uniform over unit vectors u. Let N /4 be a 1/4-net of S4=1 with size at
most 9¢. A union bound gives

Pr[ max |u' (M — Ip)u| > 1/4|Q] < 2-9% ™ < §/4.
v u€N1/4
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The first step combines the preceding fixed-u tail bound with |[A; /4l < 9¢. The last step uses
m > C(d + log(8/0)) with a sufficiently large universal constant C'. On the complementary event,
M — I; is symmetric, so the symmetric-matrix net bound yields

M — 1| <2 (M — I))u| <
| dll < nax lu ( a)u| <

1/4

N

The first step is the standard 1/4-net bound for a symmetric matrix, whose factor is (1—2-1/4)7! =
2. The last step uses the defining inequality of the complementary event. This proves Lemma 8.1-(a)
with conditional failure probability at most §/4.

Proof of Lemma 8.1-(b). Conditional on the fixed @, the vectors z1, ..., z,, are independent
centered Gaussians, while C; and 6; are deterministic. For a unit vector u, define

Y; = uT(xzac;r — CZ)QZ = (UTSEZ)(.%;FQ@) — UTCZQZ

The displayed step expands the matrix product. Each Y; depends only on z;, so the variables
Y1,...,Y,, are conditionally independent. Moreover,

E,[Yi|Q] = u" (B, [z |Q] — Ci)6; = 0.

The first step substitutes the definition of Y; and uses linearity of conditional expectation. The last
step uses E, [:c,xﬂ@] = C;. Thus Y; is a centered product of the jointly Gaussian linear forms u ' z;
and x;rﬁl

The variance of the second linear form satisfies

m

0; Ci = hi C; b < ICTH[IMall3 < —

2 2
K 9 _ 2K 9
WHTHQ < HHTHz-
The first step substitutes 6; = C;” 'h; and uses the symmetry of C;. The second step applies the
operator-norm bound to the quadratic form. The third step uses Claim 6.2-(a) and Claim 6.2-(b).
The last step uses k£ < 1/2. Similarly,

1—}-/1S

2
uTCiu < —
m m

The first step uses Claim 6.2-(a) and |Ju|l2 = 1, and the last step uses k < 1/2.

Eq. (8) now gives
Ck
Willo < OV Couny/ 67 Cis < el

The first step applies Eq. (8) to the centered Gaussian product defining Y;. The last step substitutes
the preceding two variance bounds and absorbs absolute numerical factors into C.
By the definitions of Z and Y;,

m
uw'Z = ZUT(@”Z@";— —C;)0; = ZYZ
i=1 i=1

The first step substitutes the definition of Z, and the last step uses the definition of Y;. Scalar Bern-
stein, applied conditionally on @ to these independent centered variables with ||Y;||y, < Ck|lr{l2/m,
gives, for every ¢t > 1,

t ot
Prlju’ Z| > Crllrll2(y) — + —) | Q] < 2¢7".
Y m m
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This step is the scalar Bernstein inequality with K := Ckl|r||2/m. Substituting this value into the
Bernstein threshold K (v/mt + t) gives the displayed scale, after absorbing absolute constants into
C.

Take t := C'L, where L = d +10g(8/0), and let N /5 be a 1/2-net of S9-1 with size at most 5%.
A union bound gives

S

L L
Pr| max ' Z| > Ckllr||2(/ o E) Q] <2-5% ¢ <

Y ue 1/2

The first step combines the fixed-u Bernstein bound with |N; 12l < 5¢ and absorbs absolute factors
from ¢t = C'L into C. The last step uses L = d+log(8/0) and a sufficiently large universal constant
C. On the complementary event, the vector net bound gives

L

L
12]2 <2 max Ju' 2] < cmrux\f + )
u€N1/2 m m

The first step is the standard 1/2-net bound for a vector. The last step uses the defining inequality
of the complementary event and absorbs the factor two into C'. This proves Lemma 8.1-(b) with
conditional failure probability at most §/4.

Adding the two conditional failure probabilities gives § /446 /4 = 6 /2 and proves the lemma. The
estimates are uniform over every fixed good @ because the conditional Gaussian and independence
structure holds for every such (), while all numerical bounds use only the deterministic inequalities
defining Eyjock- ]

With the block geometry and the conditional Gaussian representation in hand, we can already
record a classical property of the balanced Gaussian-pooled transform: it is an oblivious subspace
embedding. This fact is not needed for the core lemma in Section 9, but we state it here for
completeness and for comparison with prior work.

Definition 8.2 (Oblivious subspace embedding, [Sar06]). Fiz0 <n<1,0<d <1, and1 <d <n.
A distribution D over matrices S € R™*™ is an (1, §, d)-oblivious subspace embedding (OSE) if, for
every fived U € R with UTU = I; chosen independently of S, a draw S ~ D satisfies

(L=n)ll=l3 < [SU2I3 < L +n)llzl3  for every = € RY

with probability at least 1 — 8. Equivalently, with the same probability, |UTSTSU — I4]| < n. The
word oblivious means that the distribution D does not depend on U.

Proposition 8.3 (The transform is an OSE). Let S be the balanced Gaussian-pooled transform of
Definition 4.1 with m > Ce=2(d +1og(1/9)) for a sufficiently large universal constant C. Then S
is an (€, 06,d)-OSE.

Proof. Fix U € R™? with U'TU = I, independently of S, and put W := JU. Apply Lemma 6.1 to
W with p = d and failure probability /2, absorbing the replacement of § by §/2 into the universal
constant. Condition on a realized @ for which Epjoe (W) occurs, and define C; := WiTWi. By
Claim 5.1, the rows x; of SU are independent and x; ~ N(0,C;). Since the blocks partition [N], Q
is orthogonal, and £ < 1/2, we have > ", C; = I3, 0 < C; = 1;1—“[(1 =< %Id. Put M :=UTSTSU =
S xx) . For a fixed unit vector u, let a; := u' Cju. Then Y. a; = 1, maxi<j<ma; < 2/m,
and Y7 a? < 2/m. Hence, for independent standard Gaussians G1,..., G, u' (M — Ij)u =

i=1"

S a;(G? —1). Eq. (7), applied with threshold €/2, gives, since 0 < € < 1, Pr[|u’ (M — I;)u| >
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€/2|Q] < 2e—cme’ et Ni/4 be a 1/4-net of the unit sphere with size at most 9¢. For a sufficiently
large universal constant C, the assumed lower bound on m and a union bound imply that, with
conditional probability at least 1 —4/2, [[M — Iy| < 2maxyep, , lu" (M — I;)u| < e. Adding the
failure probability of the block event proves the claim. The law of S is independent of U, so the
embedding is oblivious. O

9 The corrected core lemma

Lemma 9.1 (Adaptive-safe one-shot core lemma). Let 0 < ¢ < 1,0 < 6 < 1/2, U € R™ 9 have
orthonormal columns, and let fixed 7 € R™ and ¢ € R? satisfy U'r = 0. Use the sketch from
Definition 4.1 with c ,

Nk m > Ce “dlog(8/9), 9)
where ¢y > 0 is a sufficiently small universal constant; use the corresponding choices of s, N in
Definition 4.1. With probability at least 1 — d, the matrix SU has full column rank and

T (UTSTSU) U ST S| < Ld||cy|2||r\|2. (10)

Proof. First suppose r # 0 and write L := d + log(8/d). Since d > 1 and 6 < 1/2, we have
L < Cdlog(8/6). Thus the row assumption in Eq. (9) implies m > C'L, as required by Lemma 8.1.

Put W, := [JU, Jr/||r||2]. Apply Lemma 6.1 to W,, with its failure parameter set to /4.
Replacing ¢ by /4 only adds log4 inside the logarithm in Eq. (4), which is absorbed by increasing
the universal constant C. Fix any realized @ for which &Eyjoek (W) occurs. Conditional on this @,
Lemma 8.1 fails with probability at most §/2.

On its success event, Lemma 8.1-(a) gives ||M — I4|| < 1/2, so M = X T X is positive definite
and ||[M || < 2. By Definition 7.1, we have SU = X and Sr = y. Consequently,

UTSTSU = M, UTSTsr=XxTy.
Lemma 7.2-(d) therefore gives

M X Ty=c"M'Z4+c"M1X e
For the first term, Lemma 8.1-(b) gives

L

_ _ L
"M Z] < [ella M 1Z]2 < 2llelzl| 2]z < CKHCHzHTHz(\/; +2).

The row assumption and the displayed bound on L imply

L [L L
= < Cé, — 4+ = < Ck,
m m m

where we used 0 < ¢ < 1. Substituting x = ¢o/v/d from Eq. (9), we obtain

_ €
lc"M~1Z| < CCO%HCHMTH?'

Choose ¢y small enough that Ccg < 1/2. Then the bias term is at most €||c||2|7|2/(2v/d).
For the second term, condition on the pair (@, X). This is essential: conditional on @, & is
independent of X, whereas mixing over different values of () need not preserve independence. The
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design-and-bias success event above is measurable with respect to (Q, X). Given (Q, X)), the second
term is a centered Gaussian with variance

2
Var, [T MLXTE[Q, X] = ZT < e el < U oty

The last step uses Lemma 7.2-(b). Since M = XX,
IXM el =c"M ' XTXMe=c"M e < 2||c|3.

Thus the conditional variance is at most 4|c[|3||r||3/m. The Gaussian tail bound at the target
threshold gives

T
=

m)S

[ICTM XTe| > ——|llalirlla | Q, X] < 2exp(— 394

2Vd
after enlarging C'. This estimate is uniform over the measurable success event. Integrating the
conditional estimates and adding the block-embedding, design-and-bias, and noise failures gives
% + g + g = d. This proves Eq. (10), and M > 0 gives the asserted full column rank of SU.

If r = 0, apply Lemma 6.1 to JU with p = d and failure probability §/4. Conditional on a
good @, repeat only the proof of Lemma 8.1-(a); its conditional failure probability is at most §/4.
Hence M > 0 with probability at least 1 — /2 > 1 — 4. Since Sr = 0, the numerator in Eq. (10) is
identically zero. This proves both assertions in the remaining case. O

10 Regression consequence and desired row count

Theorem 10.1 (One-shot coordinate-wise regression). Let 0 < e < 1,0 < 6 < 1/2, let A € R™*¢
have full column rank, let b € R™, and fix a € R?. Set k := co/\/&, choose m to be the smallest
power of two satisfying m > Ce 2dlog(8/6), and draw S according to Definition 4.1. Then, with
probability at least 1 — §, SA has full column rank, the sketched minimizer is unique, and

IaT(f—x*)KfHa\bHAx = bll2 147 op. (11)

For all coordinates simultaneously, it suffices to take

m = O(e 2dlog(d/?)). (12)

For this simultaneous statement, replace 6 by &/d in the entire parameter selection, including
m, A, s, N.

Proof. Let A=UXV" and 7 := b— Az*. Then U'r = 0 and b = Az* + r. On the good event in
Lemma 9.1, SU has full column rank. Since SA = (SU)XV ", the matrix SA also has full column
rank, so the sketched minimizer is unique.

The normal equations for the sketched problem give (ATSTSA)(Z — 2*) = ATSTSr. Substi-
tuting the thin singular value decomposition and inverting the nonsingular factors yields ¥ — x* =
Ve HUTSTSU)'UTSTSr. Apply Lemma 9.1 with ¢ := Y71V Ta. Since |lc[a < |27 ||lallz =
| AT|||lal|2, we obtain Eq. (11). For simultaneous coordinates, replace § by §/d in all parameters,
including m, A, s, N. Apply the one-coordinate result to each fixed direction a = e; with failure
probability §/d, and union bound over j € [d]. O
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11 Running time

Lemma 11.1 (Sketch-and-solve running time). Under the assumptions and parameter choices of
Theorem 10.1, on its success event the one-shot estimator T can be computed in the exact-arithmetic
model using O(Ndlog N + Tat(d, m, d) +d*) arithmetic operations, where Tiat(a, b, ) denotes the
cost of multiplying an a x b matrix by a b x ¢ matrix. Here N = O(n + ¢ 2d3). In particular, the
general bound is O(nd + € 2d*).

Proof. With k = co/ v/d and p = d+1, the second term in the block-size requirement of Definition 4.1
is O(d?). Combining this with Eq. (12) and the choice of s, N in Definition 4.1 gives N = O(n +
md?A?%) = O(n + e 2d?). Applying S to one vector costs O(N log N). Applying it to all d columns
of A and to b therefore costs O(N(d+ 1)log N) = O(Ndlog N). The first step sums the cost over
the d + 1 inputs, and the last step uses d > 1. The resulting dense least-squares problem has
size m x d. In the exact-arithmetic model, write Y := SA and z := Sb. On the success event in
Theorem 10.1, Y has full column rank, so 7 is the unique solution of (Y "Y)Z = Y Tz. This is the
normal equation for the full-column-rank least-squares problem. The two products can be formed
together by multiplying YT by the m x (d + 1) matrix whose columns are those of Y followed
by z. After constant-factor padding in the last dimension, this costs O(Tmat(d, m,d)). Solving the
resulting nonsingular dx d system costs O(d*) [BH74]. This is an exact-arithmetic normal-equations
calculation; it is not a claim that a backward-stable QR factorization has the same cost. Adding the
sketching, product-formation, and linear-system costs gives 7' = O(Ndlog N + Tmat(d, m,d) + d*).
This step adds the three costs established above. Definition 4.1 and the parameter choices of
Theorem 10.1 give N = O(n + ¢ ?d?) and m = O(e 2d). Consequently, Tmat(d,m,d) = O(md?) =
O(e2d?) by classical matrix multiplication, while d¥ = O(d®). Substituting these bounds gives
T = O(nd+ e 2d*). This step substitutes the bounds for N, Trat(d, m, d), and d into the preceding
running-time expression.

O
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