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Abstract

We analyze exact-metric, Metropolis-adjusted Dikin walks by keeping the proposal determi-
nant and reverse quadratic form together. Their leading uncentered terms cancel in the complete
logarithmic acceptance ratio, leaving centered fluctuations that can be controlled with second-
order tools. For a polytope given by n inequalities and a convex L-Lipschitz potential, this yields
warm-start mixing in Õ((d2 + dL2R2) log(w/δ)) steps for the regularized Lee–Sidford walk. For

a spectrahedron with n×n blocks, the log-det walk mixes in Õ((ψ+
∗ nd+dL

2R2) log(w/δ)) steps,
where ψ+

∗ measures matrix leverage.
The two analyses share an acceptance-to-mixing reduction. A proposal-comparison argu-

ment transfers the polytope bound to an appropriately padded O(1/d)-accurate metric com-

puted from high-precision Lewis weights. For spectrahedra, given ψ̂ ≥ ψ+
∗ , a direct-or-two-seed

TensorSRHT construction gives an exact-arithmetic implementation with ψ+
∗ replaced by ψ̂ in

the mixing bound.

Contents

1 Introduction 2
1.1 Our results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Prior work and scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Technical overview 4
2.1 Proof overview for Theorem 1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Proof overview for Theorem 1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 From exact metrics to implementable kernels . . . . . . . . . . . . . . . . . . . . . . 8

3 Preliminaries 9
3.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
3.2 Polytope, slacks, and Lewis weights . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.3 First-derivative Lewis calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.4 Analytic, metric, and geometric inputs . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.5 Setting and the walk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.6 The matrix leverage operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.7 Toolbox . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

∗Independent researcher. Email: magic.linuxkde@gmail.com.
†Massachusetts Institute of Technology. Email: lichenz@mit.edu.

1



4 Proof of Theorem 1.1 16
4.1 The metric, the walk, and the main theorem . . . . . . . . . . . . . . . . . . . . . . . 16
4.2 The complete proposal ratio and the exact cancellation . . . . . . . . . . . . . . . . . 18
4.3 Uniform local stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4.4 A row-dependent contraction of Lewis Hessians . . . . . . . . . . . . . . . . . . . . . 24
4.5 A Stein bound for the centered fluctuation, and the acceptance lower tail . . . . . . 27
4.6 From acceptance to mixing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

5 Proof of Theorem 1.2 34
5.1 Main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
5.2 Normalization, endpoint formulas, and the ledger . . . . . . . . . . . . . . . . . . . . 35
5.3 The spectral tube, stability, and the determinant remainder . . . . . . . . . . . . . . 37
5.4 The Stein mean bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
5.5 Fluctuation bound, parameter choice, and the acceptance theorem . . . . . . . . . . 40
5.6 From acceptance to mixing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
5.7 A worst-case acceptance obstruction: the arrow spectrahedron . . . . . . . . . . . . 45

A Approximate metrics and exact-arithmetic complexity 48
A.1 High-precision Lewis weights . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
A.2 From metric approximation to mixing . . . . . . . . . . . . . . . . . . . . . . . . . . 50
A.3 Arithmetic complexity for polytopes . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
A.4 A sketched log-det metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
A.5 Arithmetic complexity for spectrahedra . . . . . . . . . . . . . . . . . . . . . . . . . 57

1 Introduction

Sampling from a log-concave density constrained to a convex body is a basic task in sampling and
optimization. Dikin walks adapt a Gaussian proposal to a local barrier metric, allowing the walk
to exploit the geometry of the feasible region. For nearly universal barriers, this affine-invariant
approach can also avoid an artificial dependence on the number of constraints.

The same adaptation creates the main analytic difficulty. The Metropolis filter compares a
forward Gaussian defined at the current point with a reverse Gaussian defined at the proposal. It
is therefore not enough to show that the forward step remains in a local ellipsoid: one must also
control the determinant and the reverse local quadratic form at the random endpoint.

Can these two endpoint terms be controlled directly, without estimating them separately? We
answer this question by keeping the complete logarithmic Metropolis ratio intact. The linear
part of the log determinant cancels the uncentered mean of the reverse quadratic term, leaving
centered fluctuations that can be controlled by Gaussian integration by parts and second-order
concentration. This yields direct analyses for Lee–Sidford geometry on polytopes and log-det
geometry on spectrahedra.

1.1 Our results

Theorem 1.1 (Polytopes; informal version of Theorem 4.2). Let K ⊆ B2(0, R) be a bounded full-
dimensional polytope in Rd given by n linear inequalities, let f be convex and L-Lipschitz on K,
and let π ∝ e−f1K . Let HLS denote the Lee–Sidford metric, let r > 0 be a universal constant,
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and choose κ as in Eq. (47). Consider the 1
2 -lazy Metropolis walk with exact Lewis weights, exact

acceptance ratio, and proposal covariance

r2

d
(κHLS(x) + L2I)−1.

Then, for w ≥ 1 and 0 < δ < 1, from a w-warm start the walk reaches total-variation distance δ
from π in

Õ((d2 + dL2R2) log(w/δ))

steps.

Theorem 1.2 (Spectrahedra; informal version of Theorem 5.1). Let

K := {x ∈ Rd : A0 +
d∑

i=1

xiAi ⪰ 0}

be bounded, strictly feasible after minimal-face reduction, and contained in B2(0, R), with n × n
matrix blocks. Let f be convex and L-Lipschitz on K, and let π ∝ e−f1K . For the log-det metric,
let ψ+

∗ be the maximum of one and the supremum, over x ∈ K◦, of the spectral norm of the
whitened matrix leverage operator at x. Choose κ as in Eq. (74), so κ = Õ(ψ+

∗ ). Then, for w ≥ 1
and 0 < δ < 1, the exact-metric 1

2 -lazy Metropolis walk reaches total-variation distance δ from a
w-warm start in

Õ((ψ+
∗ nd+ dL2R2) log(w/δ))

steps.

For the uniform target, an arrow spectrahedron shows that κ = 1 can have exponentially small
acceptance at the center when ψ(0) = Θ(d) and the proposal radius is a fixed universal constant.
This is an acceptance obstruction, not a mixing lower bound.

Approximate metrics and arithmetic complexity. The appendix turns both exact-metric
analyses into exact-arithmetic implementations by comparing the implemented proposals with the
exact reference proposals. For polytopes, deterministic high-precision Lewis weights give a suit-
ably padded O(1/d)-accurate metric. For spectrahedra, independent TensorSRHT sketches at the
forward and reverse endpoints give an exactly reversible two-seed chain. In both settings the pro-
posal comparison transfers the corresponding mixing bound without differentiating the approximate
metric. The formal arithmetic statements are Corollaries A.9 and A.16.

Theorem 1.3 (Approximate metrics and exact-arithmetic complexity; informal). In each setting,
assume the hypotheses of the corresponding theorem above and work in the exact-arithmetic model
of Appendix A. Let ω denote the exponent of square-matrix multiplication. Starting from an exact
draw X0 ∼ µ0, where µ0 is w-warm, the following implementations reach total-variation error δ.

(i) For polytopes, deterministic O(1/d)-relative Lewis-weight approximation with one-sided met-
ric padding gives an exactly reversible walk using Õ((d2 + dL2R2)(ndω−1 + dω) log(ew/δ))
arithmetic operations and Õ((d2 + dL2R2) log(ew/δ)) evaluations of f .

(ii) For spectrahedra, given a supplied upper bound ψ̂ ≥ ψ+
∗ , the direct-or-two-seed-sketch con-

struction gives an exactly reversible walk using Õ((ψ̂nd + dL2R2)(nω + n2d3ω−5) log(ew/δ))
arithmetic operations and Õ((ψ̂nd + dL2R2) log(ew/δ)) evaluations of f . The unconditional
choice ψ̂ = d replaces ψ̂nd by nd2.
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These are arithmetic-operation bounds, not bit-complexity bounds: they exclude finite-bit condi-
tioning, rounded Gaussian sampling, inexact Metropolis decisions, and construction of the warm
start.

1.2 Prior work and scope

Kannan and Narayanan introduced the logarithmic-barrier Dikin walk [KN12]. Lewis-weight met-
rics later reduced the dependence on the number of inequalities and led to the conjecture that
Õ(d2) iterations should suffice from a warm start [CDWY18]. Laddha, Lee, and Vempala devel-
oped strong self-concordance and symmetry as a framework for this question [LLV20], while Kook
and Vempala isolated average self-concordance as the condition controlling the reverse local norm
at a random proposal [KV24]. The original dimension-square claim of Laddha, Lee, and Vempala
leaves open this reverse-ellipsoid step; a direct repair gives a dimension-cube bound [Koo26].

Gu et al. [GKM+24] claimed Õ(d2 + dL2R2) mixing for a robust Lee–Sidford walk. Kook
subsequently identified a gap in the proof of their Lemma D.5 [Koo26]: closeness of the endpoint
Lewis weights gives only O(r2) control of the squared-local-norm change, whereas the average-self-
concordance argument needs O(r2/d). Moreover, the endpoint weights depend on the Gaussian
proposal direction, so the fixed-coefficient polynomial argument for the log barrier does not transfer
directly. This is a proof gap, not a counterexample to the dimension-square theorem. Kook proved
the best previously complete Õ(d9/4) warm-start bound for exponential targets by scaling the Lee–
Sidford metric by d1/4.

Our polytope proof addresses the same Metropolis-filter obstruction without proving average
self-concordance: it controls the complete acceptance ratio after determinant–quadratic cancel-
lation. The main theorem is first proved for the exact metric. Appendix A then transfers the
acceptance and mixing bounds to a padded metric constructed from high-precision approximate
Lewis weights.

The same 2024 paper separately states Õ((nd + dL2R2) log(w/δ)) mixing for spectrahedra
[GKM+24]. Kook’s 2026 criticism is specific to the polytope Lee–Sidford argument and does not
establish a gap in the spectrahedral proof. Theorem 1.2 neither corrects nor improves that prior
statement uniformly: when ψ+

∗ > 1, its displayed rate is weaker. We give a complete exact-metric
proof with explicit leverage dependence and make no priority claim over the earlier spectrahedral
theorem.

Table 1 places the two results in context. The target class is listed explicitly because the
uniform, exponential, and general Lipschitz settings are not interchangeable. A dagger marks a
bound whose published proof is known to contain a gap. The daggered entries identify the buggy
results discussed above.

Organization. Section 2 explains the shared cancellation and the transfer to implementable
kernels. Section 3 collects the common tools. Section 4 proves the polytope result via Lewis-weight
stability, Stein concentration, and conductance. Section 5 proves the spectrahedral result via the
noncommutative ledger, a leverage-controlled spectral tube, and conductance, and concludes with
the arrow spectrahedron obstruction. Appendix A gives the formal approximate-metric kernels and
their exact-arithmetic complexity bounds.

2 Technical overview

This section separates the two proof mechanisms. Section 2.1 explains the Lewis-weight argument
for Theorem 1.1, while Section 2.2 explains the noncommutative log-det argument for Theorem 1.2.
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Table 1: Selected warm-start bounds for Dikin-type walks. A † marks a result whose published
proof contains a known gap. Here n denotes the number of inequalities for a polytope or the matrix
size for a spectrahedron, and τ = log(w/δ). The final column suppresses O and Õ.

(a) Polytopes

Year Reference Setting/metric Warm-start iterations

2012 [KN12] Uniform; log-barrier Dikin walk ndτ

2018 [CDWY18] Uniform; John walk d5/2 log4(n/d)τ
2020 [LLV20]† Uniform; Lee–Sidford Dikin walk d2τ
2024 [GKM+24]† L-Lipschitz; robust Lee–Sidford walk d(d+ L2R2)τ
2026 [Koo26] Exponential targets; scaled Lee–Sidford

metric
d9/4τ

2026 Theorem 1.1 L-Lipschitz; exact regularized Lee–Sidford
metric

d(d+ L2R2)τ

(b) Spectrahedra

Year Reference Setting/metric Warm-start iterations

2024 [GKM+24]† L-Lipschitz; log-det metric d(n+ L2R2)τ
2026 Theorem 1.2 L-Lipschitz; exact regularized log-det

metric
d(ψ+

∗ n+ L2R2)τ

Section 2.3 then explains how approximate metrics give implementable versions of both walks.

2.1 Proof overview for Theorem 1.1

Exact cancellation. Write H(x) = A⊤
xW

1−2/p
x Ax and G(x) = κH(x) + L2I. At a fixed current

point, an affine change of coordinates makes H(x) = I and writes G(x) = κ(I + C), where C ⪰ 0.
Thus a proposal has the form y = x+ ηh, with h ∼ N(0, Q), Q = (I + C)−1 ⪯ I, and η = r/

√
κd.

If U = W
1/2−1/p
x Ax, then U⊤U = I. The endpoint metric is represented exactly as H(y) =

I + U⊤Diag(b)U , where each coordinate of b records the combined change in the corresponding
slack and Lewis weight. With ci = (u⊤i h)

2, c̄i = E[ci], and E = Q1/2(H(y) − I)Q1/2, Lemma 4.4
gives

log
qy(x)

qx(y)
= −1

2
(c− c̄)⊤b+ 1

2
(log det(I + E)− tr[E]).

This identity is the central cancellation: the linear determinant term tr[E] = c̄⊤b is exactly the
Gaussian mean of the uncentered quadratic term and disappears before any tail bound is applied.
What remains is a centered contraction and two genuinely second-order remainders. Figure 1
summarizes the argument.

Lewis-weight stability and acceptance. The weights are implicit, so differentiating their fixed-
point equation directly would obscure the cancellation. Instead Lemma 3.1 specializes the row-
rescaling Jacobian of Lee–Sidford [LS19, Lemma 24] to spatial slack changes. The resulting explicit
identity yields a high-probability tube on which all slacks and weights remain comparable to their
values at x; see Lemmas 4.6 and 4.8. Rowwise resolvent estimates then give the row-dependent
Hessian contraction in Lemma 4.15. This stronger, leverage-sensitive bound is what prevents a
factor depending on the number of inequalities from entering the fluctuation estimate.
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Normalize at the current point

H(x)=I, G(x)=κ(I+C), Q=(I+C)−1, y=x+
r√
κd
h

U⊤U=I, H(y)=I+U⊤ Diag(b)U

Keep the complete log-ratio

log
qy(x)

qx(y)
=−1

2
(c−c̄)⊤b+1

2
(log det(I+E)− tr[E]) and tr[E]=c̄⊤b

The linear determinant term cancels the Gaussian mean before any tail bound.

Control acceptance

Lewis-weight Jacobian ⇒ stability tube ⇒ row-dependent Hessian contraction

⇒ twice-integrated Stein + cutoff + Gaussian concentration

Convert overlap to mixing

self-concordance + Gaussian KL ⇒ local proposal overlap ⇒ common mass for the lazy kernels

Lee–Sidford symmetry ⇒ cross-ratio isoperimetry ⇒ conductance + Cheeger

1

2

3

4

Theorem 1.1: Õ((d2+dL2R2) log(w/δ))
warm-start steps for the exact regularized Lee–Sidford walk.

Figure 1: Main steps for Theorem 1.1: normalization, exact determinant–quadratic cancellation,
Lewis-weight stability and acceptance, and conductance and mixing.

Split the centered term as its linear part Z = (c− c̄)⊤a plus the nonlinear remainder generated
by b − 2a. Applying Gaussian integration by parts twice controls E[Z] through the Hessian con-
traction, while Lemmas 4.9 and 4.11 control the quadratic and determinant remainders. On the
stability tube, Z has a dimension-free Lipschitz constant. A cutoff, McShane extension, and Gaus-
sian concentration [Led01] therefore give the required lower tail without conditioning the Gaussian
law. Feasibility follows from the Dikin containment of the unit H(x)-ellipsoid, and the poten-
tial contribution is bounded because G(x) ⪰ L2I and f is L-Lipschitz. Choosing ρ = r/

√
κ as

in Eq. (47) makes every remainder universally small, proving the uniform acceptance statement
Lemma 4.23.

From overlap to mixing. Strong self-concordance of the regularized metric controls nearby co-
variance matrices. Substituting this distortion into the Gaussian KL formula and applying Pinsker
gives proposal overlap whenever ∥x − z∥G(x) = O(r/

√
d). Combining this with the acceptance

event gives a fixed common mass for the two lazy Metropolis kernels. The scaled Lee–Sidford
metric is ν̄LS-symmetric with ν̄LS = Õ(d), and regularization changes the symmetry parameter
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only to νG ≤ ν̄LS + 4L2R2. Local-norm separation therefore implies chord cross-ratio separation.
Lovász–Vempala isoperimetry [LV07] converts that separation into Φ ≥ cr√

d(ν̄LS+L2R2)
. Finally,

the reversible Cheeger inequality [LS88] and the direct L2(π)-to-total-variation calculation for a
w-warm start yield Õ((d2 + dL2R2) log(w/δ)) steps, which is Theorem 1.1.

2.2 Proof overview for Theorem 1.2

Exact cancellation. For a spectrahedron, slack congruence at the current point makes S(x) = I.
A further linear change of variables gives a Frobenius-orthonormal frame {Āa}da=1 for the whitened
constraint directions and H(x) = Id. As above, write G(x) = κ(I + C), Q = (I + C)−1, and
y = x + ηh with h ∼ N(0, Q) and η = r/

√
κd. Put ∆ = η

∑
a haĀa and R = (I + ∆)−1. Slack

congruence and trace cyclicity give exact endpoint formulas for H(y) − I =: Ē and all of its first
two derivatives. For E = Q1/2ĒQ1/2, Lemma 5.3 becomes

log
qy(x)

qx(y)
=

1

2
(log det(I + E)− tr[E])− 1

2
Z(h), Z(h) = h⊤Ēh− tr[QĒ].

Thus the same determinant–quadratic cancellation is present, but the centered fluctuation is now
a noncommutative trace polynomial.

The leverage-controlled spectral tube. The matrix leverage operator Ψ(x) =
∑

a Ā
2
a has

ψ(x) = ∥Ψ(x)∥op and ψ+
∗ = max(1, supx∈K◦ ψ(x)). Tropp’s self-adjoint Gaussian-series inequal-

ity [Tro15, Theorem 4.1.1], applied to
∑

a haĀa, gives a high-probability spectral tube on which
∥∆∥op is small. The resolvent is then stable on a slightly larger collar, so the determinant remainder
is quadratic in E. The key noncommutative estimate is the paired four-trace bound Lemma 5.8;
it contracts the second derivatives arising from twice-integrated Stein to the single parameter ψ(x)
rather than a larger ambient-dimensional quantity. Consequently the mean of Z is O(ρ2ψ).

The gradient formula for Z and the same trace contractions give a dimension-free Lipschitz
bound on the collar. After a cutoff and McShane extension, Gaussian concentration controls Z −
E[Z] globally; intersecting this event with the spectral tube also guarantees feasibility because
I + t∆ ≻ 0 for 0 ≤ t ≤ 1. The potential term is handled by G(x) ⪰ L2I exactly as in the polytope
proof. Choosing ρ as in Eq. (74) gives κ = Õ(ψ+

∗ ) and makes the determinant remainder, the Stein
mean, and the fluctuation universally bounded. This proves the uniform acceptance lower tail in
Lemma 5.15. Figure 2 summarizes the argument.

From overlap to mixing. Operator self-concordance of the log-det metric controls nearby Gaus-
sian covariances. The Gaussian KL identity and Pinsker again give proposal overlap at local distance
O(r/

√
d), and the acceptance lower tail transfers this to common mass for the lazy kernels. In nor-

malized coordinates, define the block displacement ∆z−x :=
∑

a(za−xa)Āa. Then z ∈ K∩(2x−K)
is equivalent to ∥∆z−x∥op ≤ 1, whereas ∥z − x∥H(x) = ∥∆z−x∥F . Hence ∥∆z−x∥2F ≤ n∥∆z−x∥2op,
and the regularized metric has symmetry parameter νG = κn + 4L2R2. Cross-ratio isoperimetry
and the same deep-set conductance argument yield Φ ≥ cr√

d(κn+L2R2)
. Cheeger and warm-start

contraction therefore give Õ((ψ+
∗ nd+ dL2R2) log(w/δ)) steps, proving Theorem 1.2.

Why leverage scaling is necessary. For the uniform target, the arrow spectrahedron in
Lemma 5.25 has ψ(0) = Θ(d) and exponentially small acceptance at the center when κ = 1
and the proposal radius is a fixed universal constant. It explains why leverage scaling is needed for
uniform acceptance, while making no mixing lower-bound claim.
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Normalize the slack pencil

S(x)=I, H(x)=Id, G(x)=κ(I+C), Q=(I+C)−1

∆=
r√
κd

∑

a

haĀa, R=(I+∆)−1

Keep the complete log-ratio

log
qy(x)

qx(y)
=
1

2
(log det(I+E)− tr[E])−1

2
Z(h) Z(h)=h⊤Ēh− tr[QĒ]

The remaining centered fluctuation is a noncommutative trace polynomial.

Control acceptance by leverage

Ψ(x)=
∑

a Ā
2
a, ψ(x)=∥Ψ(x)∥op ⇒ Tropp spectral tube ⇒ paired four-trace contraction

⇒ twice-integrated Stein + cutoff + Gaussian concentration

Convert overlap to mixing

operator self-concordance + KL ⇒ local kernel overlap ⇒ common mass for the lazy kernels

νG=κn+4L2R2 ⇒ cross-ratio isoperimetry ⇒ conductance + Cheeger

1

2

3

4

Theorem 1.2: Õ((ψ+
∗ nd+dL

2R2) log(w/δ)) warm-start steps for the exact log-det walk.

Worst-case scaling witness: the arrow spectrahedron has ψ(0)=Θ(d) and exponentially small
acceptance without leverage scaling; this is an acceptance obstruction, not a mixing lower bound.

Figure 2: Main steps for Theorem 1.2: normalization, exact determinant–quadratic cancellation,
leverage-controlled acceptance, and conductance and mixing.

2.3 From exact metrics to implementable kernels

A common transition. The two exact analyses use the metric G as a reference geometry. An
implementation instead constructs a positive-definite metric Ḡ(x;ωs), where the seed is suppressed
when the construction is deterministic, and proposes

Y ∼ q̄x,ωs := N

(
x,
r2

d
Ḡ(x;ωs)

−1

)
.
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If Y is feasible, the algorithm constructs the reverse metric Ḡ(Y ;ω′
s) and accepts with probability

1 ∧ e
−f(Y )q̄Y,ω′

s
(x)

e−f(x)q̄x,ωs(Y )
.

Thus the implemented chain does not estimate the acceptance probability of the exact walk; it
applies the exact Metropolis filter to the metrics that were actually constructed.

The two implementations. For polytopes, a deterministic fixed-schedule iteration computes
the Lewis weights to coordinatewise relative accuracy O(1/d). Inflating the result by its worst
possible downward error gives a padded metric Ḡ(x) with Ḡ(x) ⪰ G(x). Since this metric is a
deterministic measurable function of the state, the usual Metropolis–Hastings identity gives exact
reversibility. For spectrahedra, we use the direct log-det construction when n < s and a Ten-
sorSRHT approximation when n ≥ s. In the sketched branch, the forward and reverse endpoint
sketches are fresh and independent. After averaging over the two seeds, the accepted flow is

Eωs,ω′
s

[
min

{
e−f(x)q̄x,ωs(y), e

−f(y)q̄y,ω′
s
(x)

}]
,

which is symmetric under interchanging the endpoints and their seeds. Hence the marginal two-seed
kernel is exactly reversible.

Transfer from the reference walk. In both settings, either deterministically or on a pointwise
sketch-success event,

G(x) ⪯ Ḡ(x;ωs) ⪯ eθG(x), θ = O(1/d).

The centered Gaussian KL formula gives dTV(qx, q̄x,ωs) = O(
√
d θ), while on the two-endpoint

event from the exact acceptance proof, each conditional Gaussian log density changes by only
O(dθ) = O(1). Therefore the acceptance lower tail and nearby-proposal overlap survive with
different universal constants. The conductance and warm-start arguments depend only on this
common mass and the reference geometry, so the mixing bounds transfer without differentiating
the approximate metric. In the randomized case, failed seeds remain part of the transition kernel
and the sketch guarantee is only pointwise in the current state; no union bound over the mixing
horizon is needed.

Appendix A gives the formal kernels and perturbation arguments. It combines the mixing times
with the per-step costs Õ(ndω−1+dω) for polytopes and Õ(nω+n2d3ω−5) for spectrahedra to obtain
the exact-arithmetic bounds in Corollaries A.9 and A.16.

3 Preliminaries

3.1 Notation

Throughout,

p := max{4, 2(1 + log n)}, β := 1
2 − 1

p , cp := 1− 2
p = 2β.

Note β ∈ [14 ,
1
2) and n2/p ≤ e. The symbols C, c denote universal constants and Cp a quantity

bounded by a fixed polynomial in p; all may change from line to line. Polynomial factors in p and
logarithmic factors in n, d are hidden in Õ(·). For a symmetric matrix M , ∥M∥op and ∥M∥F are
the spectral and Frobenius norms; Sd is the space of symmetric d× d matrices with the Frobenius
inner product. For a positive definite M we write ∥v∥2M = v⊤Mv, and for a positive vector w
we write ∥v∥2W =

∑
iwiv

2
i with W = Diag(w). For vectors, ◦ denotes the entrywise product and

v◦2 = v ◦ v; for matrices, ◦ is the Hadamard product.
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3.2 Polytope, slacks, and Lewis weights

Let A ∈ Rn×d have full column rank and no zero rows, let b ∈ Rn, and set

K := {z ∈ Rd : Az ≥ b}, K◦ := {z ∈ Rd : Az > b}.

We assume K is bounded and full-dimensional and, after a translation, K ⊆ B2(0, R). For x ∈ K◦

define the positive slacks and the slack-rescaled constraint matrix

sx := Ax− b, Sx := Diag(sx), Ax := S−1
x A.

This fixes the sign convention: feasible slacks are Ax− b > 0.
For a full-column-rank matrix M let lev(M) := diag(M(M⊤M)−1M⊤) denote its leverage

scores. The ℓp-Lewis weights of Ax are the unique positive vector wx, with Wx := Diag(wx),
satisfying the fixed-point identity

wx = lev(W 1/2−1/p
x Ax). (1)

Existence and uniqueness for p ≥ 2 go back to Lewis [Lew78]; see also Cohen–Peng [CP15]. We
use one further external Lewis-weight fact: under a smooth positive diagonal rescaling of the rows,
the unique weights vary smoothly and their row-rescaling Jacobian is the one quoted in Lemma 3.1
from [LS19]. This is the only imported Lewis-calculus identity. Since the associated leverage-score
matrix is a rank-d orthogonal projection,

0 < wx,i ≤ 1,
∑

i

wx,i = d. (2)

3.3 First-derivative Lewis calculus

The following objects appear throughout. At a point z ∈ K◦, set

Bz =W 1/2
z Az, Vz =W β

z AzH(z)−1/2, B̂z = BzH(z)−1/2 =W 1/p
z Vz.

Then V ⊤
z Vz = I, and by Eq. (1) the squared norm of the i-th row vz,i of Vz is wz,i. Define the row

map Φz : Sd → Rn and its associated operators by

(ΦzX)i =
v⊤z,iXvz,i√

wz,i
, Λ̄z := I − ΦzΦ

∗
z, Rz := (I − cpΛ̄z)−1, Nz := 2Λ̄zRz. (3)

Here ΦzΦ
∗
z is an n×nmatrix depending only on the Gram matrix of the rows vz,i, hence independent

of the choice of square root H(z)−1/2. Since 2β = cp,

Rz = I + βNz. (4)

Two elementary norm facts will be used repeatedly. First, applying Cauchy–Schwarz in each
row and using V ⊤

z Vz = I gives the rowwise contraction

∑

i

(v⊤z,iXvz,i)
2

wz,i
≤

∑

i

v⊤z,iX
2vz,i = ∥X∥2F (X ∈ Sd), (5)

and hence ∥Φz∥op ≤ 1, and the i-th component functional has norm ∥(Φz)i∥F =
√
wz,i. Second,

A⊤
z WzAz ⪯ H(z) (because w ≤ w1−2/p for w ≤ 1) gives ∥B̂z∥op ≤ 1, and the rows satisfy ∥(B̂z)i∥ =

w
1/2+1/p
z,i .
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Lemma 3.1 (Lewis derivative formula; [LS19, Lemma 24]). The map z 7→ logwz is smooth on K◦

with
D logwz[v] = −W−1/2

z NzBzv. (6)

Moreover 0 ⪯ Λ̄z ⪯ I, and consequently ∥Rz∥op ≤ p/2 and 0 ⪯ Nz ⪯ pI.

Proof. The only imported step is the following row-rescaling Jacobian; we spell out its spatial
specialization because that fixes both the sign and the factor two. Let υ = s−1

z be the vector that
rescales the rows of the fixed constraint matrix and let Υ = Diag(υ). In the notation of [LS19,
Lemma 24], the Jacobian of the Lewis weights under this rescaling is

Jw(υ) = 2W (W − cpΛ)−1ΛΥ−1, Λ :=W 1/2Λ̄W 1/2.

Along a spatial direction h, differentiation of υi = s−1
z,i gives D log υ[h] = −Azh. Therefore the

chain rule, together with Dυ = ΥD log υ and the displayed definition of Λ, gives

D logwz[h] =W−1Jw(υ)Dυ[h]

= 2(W − cpΛ)−1ΛD log υ[h]

= −2W−1/2(I − cpΛ̄)−1Λ̄W 1/2Azh

= −W−1/2NBzh.

In the last step, Λ̄ commutes with (I − cpΛ̄)−1 because the latter is a function of Λ̄.
By Eq. (5), 0 ⪯ ΦΦ∗ ⪯ I, and therefore 0 ⪯ Λ̄ = I − ΦΦ∗ ⪯ I. Hence the eigenvalues of

R = (I − cpΛ̄)−1 lie in [1, (1− cp)−1] = [1, p/2], and those of N = 2Λ̄R lie in [0, p].

3.4 Analytic, metric, and geometric inputs

The following is the only concentration theorem used in the polytope proof. We treat it as a
non-elementary black box and state the exact form needed below [Led01].

Lemma 3.2 (Gaussian Lipschitz concentration; black box). Let ξ ∼ N(0, Im) and let F : Rm → R
be LF -Lipschitz with LF > 0. For every t ≥ 0,

Pr[F (ξ)− E[F (ξ)] ≥ t] ≤ exp(− t2

2L2
F

),

Pr[|F (ξ)− E[F (ξ)]| ≥ t] ≤ 2 exp(− t2

2L2
F

).

In particular, if Z is centered Gaussian with Var(Z) ≤ σ2, then Pr[|Z| ≥ t] ≤ 2e−t
2/(2σ2).

Definition 3.3 (Strong self-concordance; [LLV20]). A matrix function M : K◦ → Sd≻0 is strongly
self-concordant (SSC) if for all x ∈ K◦ and h ∈ Rd,

∥M(x)−1/2DM(x)[h]M(x)−1/2∥F ≤ 2∥h∥M(x).

Lemma 3.4 (SSC of the scaled LS metric). The metric 2(1 + p2)H is strongly self-concordant.
Consequently, κH is strongly self-concordant for every κ ≥ 2(1 + p2).
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Proof. Fix z ∈ K◦ and a direction h, and abbreviate A = Az, W =Wz, and H = H(z). Put

ζ := Ah, ℓ̇ := D logwz[h], α := −2ζ + cpℓ̇.

Since DAz[h] = −Diag(ζ)Az and D(W cp)[h] = cpW
cp Diag(ℓ̇), differentiation of H = A⊤W cpA

gives
H−1/2DH[h]H−1/2 = V ⊤

z Diag(α)Vz.

The columns of Vz are orthonormal and its i-th row has squared norm wz,i, so ∥V ⊤
z ∥op = 1.

Expanding the Frobenius norm row by row and using α = −2ζ+cpℓ̇, cp ≤ 1, and (u+v)2 ≤ 2u2+2v2

gives

∥H−1/2DH[h]H−1/2∥2F ≤ ∥Diag(α)Vz∥2F =
∑

i

wz,iα
2
i ≤ 8(∥ζ∥2W + ∥ℓ̇∥2W ).

For the first term, ζ = Ah and W ⪯W cp imply

∥ζ∥2W = h⊤A⊤WAh ≤ ∥h∥2H ,

while Eq. (6), ∥Nz∥op ≤ p, and W ⪯W cp give

∥ℓ̇∥2W = ∥NzBzh∥2 ≤ p2∥Bzh∥2 ≤ p2∥h∥2H .

Thus the square of the left side in the SSC inequality for H is at most 8(1+p2)∥h∥2H . Scaling H
by a constant leaves that left side unchanged, whereas 4∥h∥22(1+p2)H = 8(1 + p2)∥h∥2H . This proves
the first claim; any larger scaling only increases the right side of the SSC inequality.

Lemma 3.5 (Self-concordant distortion). Let M be a C1 matrix function on K◦ satisfying

∥M(x)−1/2DM(x)[h]M(x)−1/2∥op ≤ 2∥h∥M(x).

Then for x, z ∈ K◦ with ∆ := ∥x− z∥M(x) < 1,

(1−∆)2M(x) ⪯M(z),

M(z) ⪯ (1−∆)−2M(x).

Proof. Put u = z−x, γ(t) = x+ tu, and ϕ(t) = ∥u∥M(γ(t)). The claim is trivial if u = 0. Otherwise,

differentiating ϕ(t)2 = u⊤M(γ(t))u and applying the derivative hypothesis gives

|ϕ′(t)| = |u
⊤DM(γ(t))[u]u|

2ϕ(t)
≤ ϕ(t)2,

and hence (ϕ−1)′(t) ≥ −1. Since ϕ(0) = ∆,

ϕ(t) ≤ ∆

1− t∆ (0 ≤ t ≤ 1). (7)

For a fixed v, let ψ(t) = v⊤M(γ(t))v. The same derivative hypothesis and Eq. (7) give

| d
dt

logψ(t)| ≤ 2ϕ(t) ≤ 2∆

1− t∆ .

Integration from 0 to 1 yields | log(ψ(1)/ψ(0))| ≤ −2 log(1−∆). Exponentiating and using that
v was arbitrary proves both Loewner inequalities.
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Lemma 3.6 (Cross-ratio isoperimetry; [LV07, Theorem 2.5]). Let π be a log-concave probability
measure on a convex body K and let K = S1 ∪̇S2 ∪̇S3 be a measurable partition such that σ(x, z) ≥
σ0 for all x ∈ S1, z ∈ S2, where σ is the chord cross ratio of Definition 4.31. Then

π(S3) ≥ ciso min{σ0, 1}π(S1)π(S2)
for a universal ciso > 0.

This localization/isoperimetry theorem is a genuinely non-elementary input. We apply it only
after checking thatK is convex and that e−f1K is log-concave because f is convex. Its role is exactly
to turn chord cross-ratio separation between two sets into stationary mass in the intervening set.

We henceforth replace ciso by min{ciso, 1}, so that 0 < ciso ≤ 1.

Lemma 3.7 (Cheeger’s inequality for lazy reversible chains; [LS88, Theorem 2.1]). A 1
2 -lazy re-

versible chain with conductance Φ has spectral gap gap(P ) ≥ cChΦ
2 for a universal cCh > 0.

This is the other deep mixing input. Exact Metropolis detailed balance gives reversibility,
and the explicit half-lazy step puts the spectrum in [0, 1]. The lemma converts the conductance
bound proved later into an L2(π) spectral gap; the ensuing warm-start contraction and L2-to-total-
variation step are derived directly in Section 4.6. To match conventions precisely, Lawler–Sokal
use

k := inf
A

Q(A,Ac)
π(A)π(Ac)

, Q(A,Ac) :=
∫

A
Px(A

c)π(dx)

(the stationary flow), whereas Lemma 4.33 uses Φ := infπ(A)≤1/2Q(A,Ac)/π(A). Reversibility lets
us replace A by its smaller side; then Φ ≤ k ≤ 2Φ because 1 ≤ 1/π(Ac) ≤ 2. Thus their bound in
terms of k gives the displayed bound in terms of Φ up to a universal constant.

3.5 Setting and the walk

Let A0, A1, . . . , Ad ∈ Sn and

K := {x ∈ Rd : S(x) ⪰ 0}, S(x) := A0 +
d∑

i=1

xiAi,

assumed bounded and full-dimensional with, after a translation, K ⊆ B2(0, R). We also assume
Slater strict feasibility: S(x◦) ≻ 0 for some x◦ ∈ K; equivalently, first remove any common kernel
and work with the positive-definite block on the minimal face. Write K◦ for the interior, on which
S(x) ≻ 0. The maps x 7→ S(x)−1 and everything built from it are smooth on K◦. The target is
π ∝ e−f1K with f convex and L-Lipschitz on K.

The log-det metric is the Hessian of the barrier ϕ(x) = − log detS(x):

H(x)ij = ∂i∂jϕ(x) = tr[S(x)−1Ai S(x)
−1Aj ] ≻ 0. (8)

Indeed, for v ∈ Rd, v⊤H(x)v = ∥S(x)−1/2(
∑

i viAi)S(x)
−1/2∥2F . If this vanished for nonzero v, then

S(x+ tv) = S(x) for every t, contradicting boundedness of K; hence H(x) ≻ 0. For a scale κ ≥ 1
(fixed in Eq. (74) below; κ = Õ(ψ+

∗ ) in the notation of Definition 3.9) set

G(x) := κH(x) + L2I.

Definition 3.8 (Exact-metric log-det walk). At x ∈ K◦, propose Y ∼ qx := N(x, r
2

d G(x)
−1) with

r > 0 a universal constant, and accept with the exact Metropolis–Hastings probability 1 ∧ Rx(Y ),
Rx(y) := e−f(y)qy(x)/e

−f(x)qx(y). Proposals outside K are rejected, and the chain is made 1
2 -lazy.

The chain is reversible with respect to π. An initial law µ0 is w-warm if dµ0/dπ ≤ w.
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3.6 The matrix leverage operator

Definition 3.9 (Leverage operator). At x ∈ K◦, let Ā1(x), . . . , Ād(x) ∈ Sn be the slack-congruenced
constraint directions S(x)−1/2AiS(x)

−1/2 after orthonormalization in the Frobenius inner product
(equivalently, in the metric H(x)). Define

Ψ(x) :=
d∑

a=1

Āa(x)
2, ψ(x) := ∥Ψ(x)∥op, ψ+

∗ := max(1, sup
x∈K◦

ψ(x)).

Lemma 3.10 (Basic properties). Ψ(x) is well-defined (independent of the choice of orthonormal
frame), tr[Ψ(x)] = d, and d/n ≤ ψ(x) ≤ d. If all Ai are diagonal (the polytope case), Ψ is the
diagonal matrix of leverage scores of the slack-rescaled constraint matrix, so ψ ≤ 1.

Proof. If {Āa} and {Ā′
a} are two Frobenius-orthonormal bases of the same subspace of Sn, then

Ā′
a =

∑
bOabĀb for an orthogonal O, and

∑
a Ā

′
a⊗Ā′

a =
∑

a Āa⊗Āa; applying this bilinear identity
to the product map gives

∑
a(Ā

′
a)

2 =
∑

a Ā
2
a. Next tr[Ψ] =

∑
a∥Āa∥2F = d by orthonormality,

whence ψ ≥ tr[Ψ]/n = d/n; and ψ ≤ ∑
a∥Ā2

a∥op =
∑

a∥Āa∥2op ≤
∑

a∥Āa∥2F = d. In the diagonal

case, writing āk ∈ Rd for the vector of k-th diagonal entries of the Āa, orthonormality makes
(Ψ)kk = ∥āk∥2 the k-th leverage score of the orthonormalized constraint matrix, and leverage
scores are at most 1.

3.7 Toolbox

We collect the elementary and imported facts used repeatedly. Recall ∥·∥S1 is the trace norm;
| tr[XY ]| ≤ ∥X∥F ∥Y ∥F and ∥XY ∥S1 ≤ ∥X∥F ∥Y ∥F .
Lemma 3.11 (PSD trace facts). Let X,Y,M, T ∈ Sn with X,Y,M ⪰ 0 and T ⪰ 0.

(i) tr[XY ] ≥ 0; consequently 0 ⪯ X ⪯ Y implies tr[X2] ≤ tr[XY ] ≤ tr[Y 2].

(ii) tr[TM ] ≤ ∥T∥op tr[M ] and, for any B ∈ Sn, BTB ⪯ ∥T∥opB2.

(iii) ∥T 1/2MT 1/2∥F ≤ ∥T∥op∥M∥F .
Proof. (i) tr[XY ] = ∥X1/2Y 1/2∥2F ≥ 0; then tr[X(Y − X)] ≥ 0 and tr[(Y − X)Y ] ≥ 0 give the
chain. (ii) tr[TM ] = tr[M1/2TM1/2] ≤ ∥T∥op tr[M ]; and u⊤BTBu ≤ ∥T∥op∥Bu∥2 for every u. (iii)
∥T 1/2MT 1/2∥F ≤ ∥T 1/2∥2op∥M∥F .

Lemma 3.12 (Twice-integrated Gaussian Stein identity). Let h ∼ N(0, Q) on Rd with 0 ⪯ Q ⪯ I,
and let F : Rd → R be W 2,∞ with compact support. Then for all indices a, b,

E[(hahb −Qab)F (h)] =
∑

c,e

QacQbe E[∂c∂eF (h)]. (9)

Proof. Write h = Q1/2ξ with ξ standard. For any smooth G whose value and first two derivatives
are bounded, integrating against the Gaussian density by parts twice gives E[(ξαξβ − δαβ)G(ξ)] =
E[∂α∂βG(ξ)]. Apply this to G = F ◦Q1/2 and contract. This G has bounded derivatives even when
Q is singular, which is all the integration-by-parts argument requires:

hahb −Qab =
∑

α,β

(Q1/2)aα(Q
1/2)bβ(ξαξβ − δαβ),

∂α∂β(F ◦Q1/2) =
∑

c,e

(Q1/2)cα(Q
1/2)eβ(∂c∂eF ) ◦Q1/2.
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Contracting these two identities gives Eq. (9). For F ∈ W 2,∞ with compact support, mollify and
pass to the limit by dominated convergence.

Lemma 3.13 (Dimension-free cutoff). Let K ⊂ Rd be closed and convex. There is χ : Rd →
[0, 1] with χ ≡ 1 on K, χ supported in the closed Euclidean 1-neighborhood K+, and ∥∇χ∥ ≤ 12,
∥D2χ∥op ≤ C0 a.e., for a universal C0.

Proof. ϕ(h) = dist(h,K)2 is convex and C1,1 with ∇ϕ = 2(h−ΠKh) (2-Lipschitz), so 0 ⪯ D2ϕ ⪯ 2I
a.e. Take χ = θ ◦ ϕ for a fixed smooth decreasing θ : [0,∞) → [0, 1] with θ ≡ 1 on [0, 19 ], θ ≡ 0
on [49 ,∞), |θ′| ≤ 9, and |θ′′| ≤ Cθ for a fixed universal constant Cθ. On the support of θ′ ◦ ϕ
we have ∥∇ϕ∥ ≤ 4

3 , so ∥∇χ∥ ≤ 9 · 43 = 12 and ∥D2χ∥op ≤ |θ′′| ∥∇ϕ∥2 + |θ′| ∥D2ϕ∥op ≤ C0, all
dimension-free.

Lemma 3.14 (McShane extension). A function Z that is Λ-Lipschitz on a nonempty set K ⊆ Rd
extends to a Λ-Lipschitz function Z̃ on Rd, e.g. Z̃(h) = infg∈K{Z(g) + Λ∥h− g∥}.

Proof. For h ∈ K, the choice g = h gives Z̃(h) ≤ Z(h), while Lipschitzness gives Z(g)+Λ∥h−g∥ ≥
Z(h) for every g ∈ K; hence Z̃ = Z on K. The infimum is finite: after fixing g0 ∈ K, the same
Lipschitz inequality and the triangle inequality give Z(g)+Λ∥h− g∥ ≥ Z(g0)−Λ∥h− g0∥. Finally,
for any h, h′ and every g ∈ K,

Z(g) + Λ∥h− g∥ ≤ Z(g) + Λ∥h′ − g∥+ Λ∥h− h′∥.

Taking the infimum over g gives Z̃(h) ≤ Z̃(h′) + Λ∥h − h′∥; exchanging h, h′ proves the claimed
Lipschitz bound.

Lemma 3.15 (Gaussian Lipschitz concentration: non-elementary black box). Let ξ ∼ N(0, IN )
and let F : RN → R be Λ-Lipschitz. Then, for every t ≥ 0,

Pr[F (ξ)− E[F (ξ)] ≥ t] ≤ e−t2/(2Λ2), Pr[|F (ξ)− E[F (ξ)]| ≥ t] ≤ 2e−t
2/(2Λ2).

The assertion for Λ = 0 has the evident interpretation.

This is the standard Gaussian isoperimetric concentration theorem. We use it as an imported,
non-elementary scalar black box; all Lipschitz constants and all changes of covariance in its appli-
cations are verified explicitly below.

Lemma 3.16 (Gaussian matrix series: the noncommutative concentration black box; [Tro15,
Theorem 4.1.1]). Let B1, . . . , BN ∈ Sn be fixed and ξ standard Gaussian in RN . Then, with σ2 :=
∥∑iB

2
i ∥op,

Pr[∥∑i ξiBi∥op ≥ t] ≤ 2n e−t
2/2σ2

(t ≥ 0).

This is the only noncommutative concentration theorem used in the log-det analysis. Every
application first writes the random matrix as a self-adjoint series

∑
i ξiBi and then bounds the

deterministic variance operator
∑

iB
2
i in Loewner order. All remaining noncommutative steps are

finite-dimensional trace, congruence, and resolvent calculations proved in the text.

Lemma 3.17 (Metric distortion). Let M : K◦ → Sd≻0 be continuously differentiable and satisfy
∥M(x)−1/2DM(x)[u]M(x)−1/2∥op ≤ 2∥u∥M(x) for all x, u. Then for x, z ∈ K◦ with ∆ := ∥x −
z∥M(x) < 1, (1−∆)2M(x) ⪯M(z) ⪯ (1−∆)−2M(x).
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Proof. The case x = z is immediate. Otherwise put v = z − x, xt = x + tv, Mt = M(xt), and
a(t) = ∥v∥Mt > 0. Convexity of K◦ keeps the whole segment in the domain. Differentiating
a(t)2 = v⊤Mtv and testing the assumed differential inequality on v gives

|a′(t)| = |v
⊤DMt[v]v|
2a(t)

≤ a(t)2.

Since a(0) = ∆, integration of (1/a)′ = −a′/a2 ≥ −1 yields a(t) ≤ ∆/(1− t∆) for 0 ≤ t ≤ 1.
Now fix w ̸= 0 and write b(t) = w⊤Mtw. The differential inequality and the preceding bound

on a(t) give

| d
dt

log b(t)| = |w
⊤DMt[v]w|
w⊤Mtw

≤ 2a(t) ≤ 2∆

1− t∆ .

Thus | log(b(1)/b(0))| ≤ −2 log(1 − ∆). Exponentiating and then allowing arbitrary w gives
exactly (1−∆)2M(x) ⪯M(z) ⪯ (1−∆)−2M(x).

Lemma 3.18 (Cross-ratio isoperimetry; [LV07, Theorem 2.5]). Let π be log-concave on a convex
body K and K = S1∪̇S2∪̇S3 measurable with σ(x, z) ≥ σ0 for all x ∈ S1, z ∈ S2, where σ is
the chord cross ratio (Definition 5.21). Then π(S3) ≥ cisomin{σ0, 1}π(S1)π(S2) for a universal
ciso > 0.

This imported localization/isoperimetry theorem is used only after two hypotheses have been
checked: K is convex and the density e−f1K is log-concave because f is convex. Its role is to
turn a lower bound on chord cross-ratio separation between two sets into stationary mass in the
intervening set.

We henceforth replace ciso by min{ciso, 1}, so that 0 < ciso ≤ 1.

Lemma 3.19 (Cheeger for lazy reversible chains; [LS88, Theorem 2.1]). A 1
2 -lazy reversible chain

with conductance Φ has spectral gap at least cChΦ
2, cCh > 0 universal.

This is the second imported mixing input. It applies because the exact Metropolis–Hastings
kernel is reversible with stationary law π and is made 1

2 -lazy. Its sole role is to convert the con-
ductance bound proved in Lemma 5.24 into an L2(π) spectral gap; the subsequent warm-start
estimate is written out explicitly. The source uses k = infAQ(A,Ac)/[π(A)π(Ac)], while this pa-
per uses Φ = infπ(A)≤1/2Q(A,Ac)/π(A). Reversibility permits choosing the smaller side, where
Φ ≤ k ≤ 2Φ because 1 ≤ 1/π(Ac) ≤ 2. Hence the cited theorem yields the displayed cChΦ

2 form.
Laziness is then what removes negative spectrum in the later L2 contraction.

4 Proof of Theorem 1.1

4.1 The metric, the walk, and the main theorem

The unscaled Lee–Sidford metric is

H(x) = A⊤
xW

1−2/p
x Ax ≻ 0.

Let κ be a sufficiently large fixed polynomial in p and log(nd)—the precise requirements are Eq. (21),
Eq. (47), and κ ≥ 2(1 + p2) from Lemma 3.4—and set

G(x) = κH(x) + L2I.

16



Definition 4.1 (Exact-metric LS walk). At x ∈ K◦, propose

Y ∼ qx := N(x,
r2

d
G(x)−1),

where r > 0 is a universal constant, and accept with the exact Metropolis–Hastings probability

αx(y) = 1 ∧Rx(y), Rx(y) :=
e−f(y) qy(x)

e−f(x) qx(y)
.

Proposals outside K are rejected, and the chain is made 1
2 -lazy.

The walk is reversible with respect to π ∝ e−f1K : on K◦ × K◦ the accepted-move density
satisfies

e−f(x)qx(y)(1 ∧Rx(y)) = min{e−f(x)qx(y), e−f(y)qy(x)},
which is symmetric in x, y; rejection and laziness only add diagonal mass. An initial law µ0 is
w-warm if dµ0/dπ ≤ w.

Theorem 4.2 (Polytopes; formal version of Theorem 1.1). Let K ⊆ B2(0, R) be a bounded full-
dimensional polytope in Rd given by n linear inequalities, let f be convex and L-Lipschitz on K,
and let π ∝ e−f1K . Let HLS denote the Lee–Sidford metric, let r > 0 be a universal constant,
and choose κ as in Eq. (47). Consider the 1

2 -lazy Metropolis walk with exact Lewis weights, exact
acceptance ratio, and proposal covariance

r2

d
(κHLS(x) + L2I)−1.

Then, for w ≥ 1 and 0 < δ < 1, from a w-warm start the walk reaches total-variation distance δ
from π in

Õ((d2 + dL2R2) log(w/δ))

steps.

Proof. Put f0 = dµ0/dπ. Since µ0 is w-warm, 0 ≤ f0 ≤ w and
∫
f0 dπ = 1. Expanding the square

and using f20 ≤ wf0 gives

∥f0 − 1∥2L2(π) =

∫
f20 dπ − 1 ≤ w − 1.

Write the lazy kernel as P = (I+P0)/2, where P0 is the underlying non-lazy Metropolis kernel.
Since P0 is a self-adjoint contraction on L2(π), its spectrum lies in [−1, 1], and hence the spectrum
of P lies in [0, 1]. Therefore Lemma 3.7 gives gap(P ) ≥ cChΦ

2, and the spectral theorem gives
∥P tg∥2 ≤ (1− gap(P ))t∥g∥2 for every mean-zero g. By Cauchy–Schwarz, the preceding warm-start
bound, and 1− u ≤ e−u,

dTV(µ0P
t, π) ≤ 1

2
∥P t(f0 − 1)∥L2(π) ≤

1

2
(1− gap(P ))t

√
w − 1 ≤ 1

2
e−cChtΦ

2√
w − 1.

Solving for total-variation error δ and inserting Eq. (56),

tmix(δ) ≤ C
d (ν̄LS + L2R2)

r2
log(w/δ).

Since r is universal and ν̄LS = Õ(d) by Eq. (54), this is Õ((d2 + dL2R2) log(w/δ)). (The same
conductance-to-mixing pipeline appears in [KV24, Lemma B.1 and Theorem 3.1].)
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4.2 The complete proposal ratio and the exact cancellation

This section contains no estimates: it is exact algebra. We normalize coordinates at the current
point, diagonalize the endpoint metric exactly, and exhibit the cancellation inside the complete
Gaussian proposal ratio.

Fix a deterministic current point x ∈ K◦. Let Fx = Horig(x)
−1/2, apply the linear change

of variables zorig = Fxz to the entire inequality representation, and transform x, y, h, A, and
Ax accordingly. Lewis weights are invariant under this substitution (leverage scores, and hence
the fixed point Eq. (1), are unchanged by A 7→ AT for invertible T ), while H and G transform as
metrics. Throughout Sections 4.2, 4.3, 4.4 and 4.5 we suppress tildes on the transformed quantities;
every slack identity below uses the transformed A in the transformed coordinates. Write

W :=Wx, w := wx.

The baseline metric is then normalized:

H(x) = I, U :=W βAx, U⊤U = I.

Write u⊤i for row i of U . The fixed point Eq. (1) gives

∥ui∥2 = wi, P := UU⊤, Pii = wi,
∑

i

wi = d.

After the same affine change, factor the (now constant) regularizer as

G(x) = κ(I + C), C = L2

κ
F⊤
x Fx ⪰ 0, Q := (I + C)−1, 0 ⪯ Q ⪯ I.

Only C ⪰ 0 is used below; in particular all estimates are uniform in L and in the orientation of the
regularizer. A proposal then has the representation

y = x+ ηh, h ∼ N(0, Q), η =
r√
κd

=
ρ√
d
, ρ :=

r√
κ
. (10)

The role of κ is only to make ρ smaller than a sufficiently small inverse polylogarithm; it changes
the LS symmetry parameter by a polylogarithmic factor only.

Lemma 4.3 (Endpoint identities). Let h ∈ Rd be such that the segment [x, y], y = x+ ηh, lies in
K◦, and put

ζ := Axh, ai(h) := β log
wy,i
wi
− log(1 + ηζi), bi := e2ai − 1. (11)

Then
W β
y Ay = Diag(ea)U, H(y) = U⊤Diag(e2a)U = I + U⊤Diag(b)U. (12)

Moreover, with
ci := (u⊤i h)

2, w̄i := E[ci] = u⊤i Qui,

one has the exact quadratic identity

h⊤(H(y)− I)h = c⊤b.
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Proof. The relations y = x+ ηh, A = SxAx, and ζ = Axh give

sy = sx + ηAh = Sx(1+ ηAxh) = Sx(1+ ηζ),

Hence Ay = Diag(1 + ηζ)−1Ax. Multiplying by W β
y = Diag((wy,i/wi)

β)W β and comparing with

Eq. (11) gives the first identity in Eq. (12); the second follows from H(y) = (W β
y Ay)

⊤(W β
y Ay) and

U⊤U = I. Finally h⊤U⊤Diag(b)Uh =
∑

i bi(u
⊤
i h)

2 = c⊤b.

No Taylor expansion of the endpoint metric has been made: the sign in the endpoint rescaling
is explicit, and Eq. (12) is an identity.

Lemma 4.4 (Ledger identity). In the setting of Lemma 4.3, let

E := Q1/2(H(y)− I)Q1/2. (13)

Then the complete Gaussian proposal log-ratio satisfies, exactly,

Λq(x, y) :=
1

2
log

detG(y)

detG(x)
− d

2r2
(y − x)⊤(G(y)−G(x))(y − x)

= −1

2
(c− w̄)⊤b+ 1

2
{log det(I + E)− tr[E]}.

(14)

Equivalently, log
qy(x)
qx(y)

= Λq(x, y).

Proof. In the normalized coordinates G(z) = κH(z) + κC, so the regularizer part is constant in z
and G(y)−G(x) = κ(H(y)− I). We verify the determinant, trace, and quadratic terms separately.

(i) Determinant part. Since Q = (I+C)−1, cancelling the common factor κ, applying congruence
with (I + C)−1/2 inside the determinant, and using Eq. (13) give

log
detG(y)

detG(x)
= log

det(H(y) + C)
det(I + C) = log det(I +Q1/2(H(y)− I)Q1/2) = log det(I + E). (15)

(ii) Trace of E. By Eqs. (13) and (12), cyclicity of the trace, expansion over the rows of U , and
the definition of w̄ give

tr[E] = tr[QU⊤Diag(b)U ] =
∑

i

bi u
⊤
i Qui = w̄⊤b. (16)

(iii) Quadratic part. With y−x = ηh and dη2κ/r2 = 1 from Eq. (10), the identity G(y)−G(x) =
κ(H(y)− I) and the quadratic identity in Lemma 4.3 give

d

r2
(y − x)⊤(G(y)−G(x))(y − x) = dη2κ

r2
h⊤(H(y)− I)h = c⊤b. (17)

Combining Eq. (15), (16), and (17), and adding and subtracting 1
2 tr[E], gives

Λq =
1

2
log det(I + E)− 1

2
c⊤b =

1

2
{log det(I + E)− tr[E]}+ 1

2
(w̄⊤b− c⊤b),

which is Eq. (14).
For the last claim, the Gaussian densities satisfy

qz(·) ∝ detG(z)1/2 exp(− d
2r2
∥· − z∥2G(z)).

Consequently, taking the logarithm of the density ratio gives

log
qy(x)

qx(y)
=

1

2
log

detG(y)

detG(x)
− d

2r2
(∥x− y∥2G(y) − ∥y − x∥2G(x)) = Λq(x, y).

The normalizing constants and any Jacobians of the affine substitution cancel in the ratio.
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Remark 4.5 (Why the complete ratio). Eq. (14) is the key cancellation. The potentially difficult
uncentered term w̄⊤b is simultaneously the linear part of the determinant and the mean of the
random quadratic term. An analysis that certifies a lower tail for the determinant ratio and
concentration for the quadratic form separately—in particular, any route through (regularized)
average self-concordance—must estimate w̄⊤b on its own and therefore requires strictly stronger
Lewis-weight inputs than are available at second order. After the cancellation, the first term of
Eq. (14) is centered to leading order (its further reduction to the exactly centered Z = (c− w̄)⊤a
is Lemma 4.9), and the bracket is a finite determinant remainder (Lemma 4.11). The estimates of
Sections 4.3, 4.4 and 4.5 bound both at constant scale.

4.3 Uniform local stability

The identities of Section 4.2 are exact but involve the endpoint weights wy. This section constructs a
convex high-probability tube of steps h on which all endpoint quantities—weights, slacks, metric—
are uniformly comparable to their base-point values, with polylogarithmic constants, and then
proves the two finite remainders that reduce the ledger identity Eq. (14) to the centered fluctuation
Z = (c− w̄)⊤a. Throughout we work in the normalized coordinates of Section 4.2.

Let
ki :=

ui√
wi
, ∥ki∥ = 1.

For a fixed small failure probability ϵ0, choose the auxiliary tail level

δ0 := ϵ20d
−3,

define the deterministic radii

R0 :=
√
d+

√
2 log(2/δ0), τ0 :=

√
2 log(4n/δ0),

and the convex good set

K0 := {g ∈ Rd : ∥g∥ ≤ R0, max
i
|k⊤i g| ≤ τ0}.

Lemma 4.6. Pr[h ∈ K0] ≥ 1− δ0 for h ∼ N(0, Q).

Proof. Write h = Q1/2ξ with ξ standard. Since Q ⪯ I, each k⊤i h is Gaussian with variance
k⊤i Qki ≤ 1, and E[∥h∥] ≤ (E[∥h∥2])1/2 = (tr[Q])1/2 ≤

√
d. The map ξ 7→ ∥Q1/2ξ∥ is 1-Lipschitz,

so Gaussian Lipschitz concentration (Lemma 3.2) gives Pr[∥h∥ > R0] ≤ e− log(2/δ0) = δ0/2, and
a union bound using the centered-Gaussian tail in the same lemma gives Pr[maxi |k⊤i h| > τ0] ≤
2n e−τ

2
0 /2 = δ0/2.

All estimates will be proved on the closed Euclidean one-neighborhood K+
0 of K0 (this slack is

what the cutoff of Section 4.5 needs). Set

R1 := R0 + 1, τ1 := τ0 + 1, M0 :=
R1√
d
.

Every g ∈ K+
0 obeys ∥g∥ ≤ R1 and maxi |k⊤i g| ≤ τ1 (since ∥ki∥ = 1). For δ0 = ϵ20d

−3,

M0 = Oϵ0(1), τ21 = O(1 + log(nd/ϵ0)), M0 ≥ 1. (18)

The bootstrap requires a first-derivative bound with the row-dependent scaling
√
wz,i, which we

now record. It sharpens the aggregate bound ∥Rz∥op ≤ p/2 of Lemma 3.1 row by row; part (ii) is
stated for a general coefficient because Section 4.4 needs it for I+ 1

2Nz as well as for Rz = I+βNz.
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Lemma 4.7 (Rowwise resolvent bound). Let z ∈ K◦, recall B̂z = BzH(z)−1/2, and set Lp :=
p
2(1 +

p
2). Then for every row index i:

(i) ∥e⊤i RzB̂z∥ ≤ Lp
√
wz,i;

(ii) for every γ ∈ [0, 1], ∥e⊤i (I + γNz)B̂z∥ ≤ L+
p
√
wz,i with L

+
p := 1 + 2Lp + p.

Consequently, in arbitrary coordinates, for all v ∈ Rd,

|e⊤i (I + βNz)Bzv| ≤ Lp√wz,i ∥v∥H(z). (19)

Proof. (i) Since Rz is a function of Λ̄z, it commutes with ΦzΦ
∗
z = I−Λ̄z, and from Rz(I−cpΛ̄z) = I

we get the resolvent identity
(1− cp)Rz = I − cpΦzΦ∗

zRz.
Multiply by B̂z on the right, take the i-th row, and use (1− cp)−1 = p/2, together with ∥(Φz)i∥F =
√
wz,i, ∥Φz∥op ≤ 1, ∥Rz∥op ≤ p/2, and ∥B̂z∥op ≤ 1, to obtain

∥e⊤i RzB̂z∥ ≤
p

2
(∥(B̂z)i∥+ cp ∥e⊤i Φz∥ ∥Φ∗

zRzB̂z∥op) ≤
p

2
(w

1/2+1/p
z,i + cp

√
wz,i ·

p

2
) ≤ Lp√wz,i,

where the last inequality also uses cp ≤ 1, w
1/p
z,i ≤ 1, and the definition of Lp.

(ii) Since Λ̄z commutes with Rz, Nz = 2Λ̄zRz = 2(I − ΦzΦ
∗
z)Rz = 2Rz − 2ΦzΦ

∗
zRz. Part (i)

and the same operator-norm bounds give

∥e⊤i NzB̂z∥ ≤ 2∥e⊤i RzB̂z∥+ 2∥e⊤i Φz∥ ∥Φ∗
zRzB̂z∥op ≤ (2Lp + p)

√
wz,i.

Consequently, ∥e⊤i (I+γNz)B̂z∥ ≤ ∥(B̂z)i∥+γ ∥e⊤i NzB̂z∥ ≤ (1+2Lp+p)
√
wz,i. Finally, Eq. (19)

follows from (i) via (I + βNz)Bzv = RzB̂zH(z)1/2v and Eq. (4).

Differentiating Eq. (11) in h, including the factor η from y = x+ ηh, gives the exact Jacobian:
for y = x+ ηg feasible,

Dha(g)[v] = −ηW−1/2
y (I + βNy)By v. (20)

(The two contributions are βD logwy[ηv] from Lemma 3.1 and −η(Ayv)i = −η(W−1/2
y Byv)i from

the slack factor; they combine into Eq. (20) by Eq. (4).)
We make the bootstrap quantitative. Enlarge κ, if necessary, so that

ϑ := LpM0ρ ≤
1

64
, η τ1 ≤

1

64
. (21)

This still requires only a polylogarithmic κ, by Eq. (18).

Lemma 4.8 (Stability on the tube). Let g ∈ K+
0 and 0 ≤ t ≤ 1. Then the entire segment

yt = x+ tηg lies in K◦, and:

∥a(tg)∥∞ ≤ 2LpM0ρ ≤ 1
32 , ∥Dha(tg)∥2→∞ ≤ e1/32Lp η, (22)

∥a(tg)∥W ≤ e5/32 p2 M0ρ, ∥W 1/2Dha(tg)∥op ≤ e5/32 p2 η. (23)

Moreover
e−1/4W ⪯Wyt ⪯ e1/4W, e−2∥a∥∞I ⪯ H(yt) ⪯ e2∥a∥∞I, (24)

and the slack factors satisfy

|ζi| = w
1/p
i |k⊤i g| ≤ τ1, |ηζi| ≤ ητ1 ≤ 1

64 . (25)
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Proof. Feasibility first. At the base point, (Axg)i = w−β
i u⊤i g = w

1/p
i k⊤i g, so |(Axg)i| ≤ τ1, which is

Eq. (25). Hence 1 + tη(Axg)i ≥ 1− ητ1 > 0 for all t ∈ [0, 1], so the entire segment is feasible before
any endpoint weight comparison is used, and a(tg) is well-defined and smooth in t.

Dini bootstrap. Let a∞(t) := ∥a(tg)∥∞. By Eq. (12), H(yt) ⪯ e2a∞(t)I. Combine Eq. (20) with
Eq. (19) at yt to get

| d
dt
ai(tg)| = η w

−1/2
yt,i

|e⊤i (I + βNyt)Bytg| ≤ Lpη ∥g∥H(yt) ≤ Lpη ea∞(t)∥g∥.

Hence the upper Dini derivative satisfies D+a∞(t) ≤ Lpη e
a∞(t)∥g∥. Scalar comparison here is

elementary: a∞, the maximum of finitely many absolute values of smooth functions, is absolutely
continuous, and at almost every t the displayed bound implies (e−a∞(t))′ ≥ −ϑ. Since a∞(0) = 0
and Lpη∥g∥ ≤ LpηR1 = LpM0ρ = ϑ, integration gives e−a∞(t) ≥ 1−ϑt. Taking negative logarithms
and using t ≤ 1 and ϑ ≤ 1/64 yields

a∞(t) ≤ − log(1− ϑt) ≤ − log(1− ϑ) ≤ 2ϑ ≤ 1
32 , (26)

which proves the first bound in Eq. (22); the second follows from the same rowwise display and
ea∞ ≤ e1/32.

Weight comparison. Since β ≥ 1
4 , Eq. (11) and | log(1+ u)| ≤ 2|u| for |u| ≤ 1/64, together with

Eq. (26) and ητ1 ≤ 1/64, give

| log wyt,i
wi
| ≤ 1

β
(a∞(t) + | log(1 + tη(Axg)i)|) ≤ 4(

1

32
+ 2ητ1) ≤

1

4
,

which is the first half of Eq. (24); the second half is immediate from Eq. (12).
Base-norm bounds. We now integrate the Jacobian in the base W -norm. Eq. (20) gives

∥I + βNyt∥op = ∥Ryt∥op ≤ p/2, B⊤
ytByt ⪯ H(yt).

The weight comparison gives ∥W 1/2W
−1/2
yt ∥op ≤ e1/8. Together with Eq. (26), these estimates

imply

∥W 1/2Dha(tg)[v]∥ ≤ e1/8
p

2
η ∥v∥H(yt) ≤ e1/8+1/32 p

2
η ∥v∥ = e5/32

p

2
η ∥v∥.

This is the operator bound in Eq. (23). Integrating along t 7→ tg from a(0) = 0 gives ∥a(tg)∥W ≤
e5/32 p2 η∥g∥t ≤ e5/32

p
2M0ρ.

It is the scaled quantity ητ1, rather than the unscaled threshold τ1, that controls the slack ratio
in Eq. (25); this is what makes all constants in Lemma 4.8 dimension-free.

On the tube, the ledger identity Eq. (14) reduces to the centered fluctuation

Z(h) := (c− w̄)⊤a (27)

up to two finite error terms, which we now bound. Recall from Lemma 4.8 that on K+
0 we have

ci ≤ τ21wi (since ci = wi(k
⊤
i h)

2), w̄i ≤ ∥ui∥2 = wi, and ∥a∥∞ ≤ 1
32 .

Lemma 4.9 (Quadratic remainder). On K+
0 ,

|(c− w̄)⊤(b− 2a)| ≤ C (τ21 + 1) ∥a∥2W ≤ CpM2
0ρ

2 (τ21 + 1). (28)

Proof. |ci − w̄i| ≤ (τ21 + 1)wi and |bi − 2ai| = |e2ai − 1− 2ai| ≤ Ca2i for |ai| ≤ 1
32 . Summing over i

and applying Eq. (23) proves the claim.
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Lemma 4.10 (Hadamard–Frobenius bound). Let PQ := UQU⊤. Then, on K+
0 ,

∥E∥2F = b⊤(PQ ◦ PQ)b ≤ b⊤Wb ≤ C∥a∥2W ≤ CpM2
0ρ

2.

Proof. From Eqs. (13) and (12), cyclicity of the trace and expansion over the rows of U give

∥E∥2F = tr[QU⊤Diag(b)UQU⊤Diag(b)U ] =
∑

i,j

bibj(u
⊤
i Quj)

2 = b⊤(PQ ◦ PQ)b.

Since 0 ⪯ PQ ⪯ P , we use the following one-line proof of the Schur product fact. If positive
semidefinite matrices C,D have Gram representations Cij = ⟨ci, cj⟩ and Dij = ⟨di, dj⟩, then (C ◦
D)ij = ⟨ci ⊗ di, cj ⊗ dj⟩, so C ◦D ⪰ 0. Applying this fact to the pairs P, P − PQ and P − PQ, PQ
gives

P ◦ P − PQ ◦ PQ = P ◦ (P − PQ) + (P − PQ) ◦ PQ ⪰ 0, so PQ ◦ PQ ⪯ P ◦ P.

To prove P ◦ P ⪯ Diag(P ) = W , fix any x ∈ Rn and set M :=
∑

i xiuiu
⊤
i . Weighted Cauchy–

Schwarz and Eq. (5) yield

x⊤(P ◦ P )x = ∥M∥2F =
∑

i

xi u
⊤
i Mui ≤ ∥x∥W (

∑

i

(u⊤i Mui)
2

wi
)1/2 ≤ ∥x∥W ∥M∥F ,

Hence ∥M∥F ≤ ∥x∥W and x⊤(P ◦ P )x ≤ x⊤Wx.
Finally, |bi| ≤ C|ai| for |ai| ≤ 1

32 , so b
⊤Wb ≤ C∥a∥2W , and Eq. (23) concludes.

Lemma 4.11 (Determinant remainder). On K+
0 , every eigenvalue of I +E belongs to an interval

satisfying
[e−2∥a∥∞ , e2∥a∥∞ ] ⊆ [e−1/16, e1/16].

Moreover,
| log det(I + E)− tr[E]| ≤ C ∥E∥2F ≤ CpM2

0ρ
2. (29)

Proof. Put a0 = e−2∥a∥∞ and b0 = e2∥a∥∞ . By Eq. (24), a0I ⪯ H(y) ⪯ b0I. Since a0 ≤ 1 ≤ b0 and
C ⪰ 0, adding a0C ⪯ C and C ⪯ b0C gives

a0(I + C) ⪯ H(y) + C ⪯ b0(I + C).

Congruence by Q1/2 = (I + C)−1/2 gives a0I ⪯ I + E ⪯ b0I without requiring H(y) and C to
commute. On that interval the eigenvalues λ of E obey |λ| < 1/8. The fundamental theorem of
calculus then gives

| log(1 + λ)− λ| = |
∫ λ

0

−t
1 + t

dt| ≤ λ2

2(1− |λ|) ≤ Cλ
2.

Summing gives | log det(I + E)− tr[E]| ≤ C∥E∥2F , and Lemma 4.10 concludes.

One finite quadratic remainder thus controls all orders of the determinant: no expansion of
log det beyond second order, and no convexity of log detG, is ever used.
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4.4 A row-dependent contraction of Lewis Hessians

The Stein argument of Section 4.5 converts the mean of the centered fluctuation Z = (c − w̄)⊤a
into a sum of second derivatives of logw evaluated at row-dependent directions of magnitude

√
wi.

The following deterministic lemma—the only genuinely new piece of Lewis-weight calculus in this
paper—is the estimate that bounds this sum by Cpd rather than the naive Cpnd or Cpd

3/2.
This section takes place at an arbitrary fixed point of K◦, normalized as in Section 4.2 so that

U⊤U = I; all derivatives are with respect to the spatial point in these coordinates. (In Section 4.5
the lemma is applied at the random endpoint y, in y-normalized coordinates.) We abbreviate
ℓ := logw, and write u⊤i for the rows of U , B := W 1/pU = W 1/2A, and Φ, Λ̄,R, N for the objects
of Eq. (3) at this point, so that ∥Φ∥op ≤ 1, ∥B∥op ≤ 1, ∥R∥op ≤ p/2, ∥N∥op ≤ p, and rows satisfy

∥ui∥2 = wi, ∥Bi∥ = w
1/2+1/p
i .

The contraction proved in this subsection rests on three ingredients: an exact second-derivative
identity (Lemma 4.12), a frame-derivative computation (Lemma 4.13), and an aggregate bound on
the derivative of the resolvent kernel (Lemma 4.14).

For a fixed direction r, write

ℓr := Dℓ[r] = −W−1/2NBr, sr := Ar =W−1/2Br, tr :=
1
2ℓr − sr. (30)

Lemma 4.12 (Exact Hessian identity).

D2ℓ[r, r] = −1
2 ℓ

◦2
r −W−1/2DN [r]Br −W−1/2N Diag(tr)Br. (31)

Proof. Differentiate ℓv = −W−1/2NBv at fixed v = r, using the product rule on the three point-
dependent factors. The identities DW [r] =W Diag(ℓr) and DA[r] = −Diag(sr)A give

D(W−1/2)[r] = −1
2 Diag(ℓr)W

−1/2

and, by the product rule,

DB[r] = D(W 1/2A)[r] = Diag(12ℓr − sr)B
= Diag(tr)B.

Combining these identities gives

D2ℓ[r, r] = 1
2 Diag(ℓr)W

−1/2NBr −W−1/2DN [r]Br −W−1/2N Diag(tr)Br,

and the first term equals 1
2 Diag(ℓr)(−ℓr) = −1

2ℓ
◦2
r .

The operators Φ, Λ̄, N depend on the point only through the Gram matrix of the rows of the
orthonormalized frame Vz =W β

z AzH(z)−1/2, so they are independent of the choice of square root;
but to differentiate them we fix a smooth choice. The computation is cleanest in the horizontal
gauge.

Lemma 4.13 (Horizontal frame derivative). Fix the symmetric square root used to define the frame
U(z), where

U(z) :=W β
z AzH(z)−1/2.

At the normalized base point, where H = I, we have

DU [r] = P⊥ Diag(zr)U, P⊥ := I − UU⊤, W 1/2zr := −(I + βN)Br.

Consequently ∥DU [r]∥F ≤ ∥zr∥W = ∥(I + βN)Br∥ ≤ p
2∥r∥.
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Proof. Set zr := βℓr − sr; then W 1/2zr = −βNBr − Br = −(I + βN)Br by Eq. (30). As in
Lemma 4.12, D(W βA)[r] = Diag(zr)W

βA, which at the base point equals Diag(zr)U . The product
rule at H = I therefore gives

DU [r] = Diag(zr)U + U ·H1/2D(H−1/2)[r]|H=I = Diag(zr)U + U D(H−1/2)[r].

At H = I, differentiating H = (W βA)⊤(W βA) gives DH[r] = 2U⊤Diag(zr)U , and for the
symmetric square root D(H−1/2)[r] = −1

2DH[r] = −U⊤Diag(zr)U (the derivative X of H−1/2

solves XH−1/2 + H−1/2X = D(H−1)[r] = −DH[r] at H = I). Substituting this derivative and
using P⊥ = I − UU⊤ yields

DU [r] = Diag(zr)U − UU⊤Diag(zr)U = P⊥Diag(zr)U.

For the norm bound, ∥DU [r]∥F ≤ ∥Diag(zr)U∥F = (
∑

i z
2
r,i∥ui∥2)1/2 = ∥zr∥W , and ∥(I +

βN)Br∥ ≤ ∥R∥op ∥B∥op ∥r∥ ≤ p
2∥r∥ by Eq. (4).

Lemma 4.14 (Aggregate resolvent-derivative bound). For every r, ∥DN [r]B∥F ≤ Cp∥r∥, and
hence, summing over an orthonormal basis (ea)

d
a=1,

d∑

a=1

∥DN [ea]B∥2F ≤ Cp d. (32)

Proof. From R = (I−cpΛ̄)−1 we have N = 2Λ̄R = 2
cp
(R−I), so DN [r] = 2

cp
DR[r] = 2RDΛ̄[r]R.

Writing Φi = uiu
⊤
i /∥ui∥ ∈ Sd, the derivative used below is, for u ̸= 0,

D(
uu⊤

∥u∥ )[v] =
vu⊤ + uv⊤

∥u∥ − uu⊤

∥u∥3 ⟨u, v⟩.

The Frobenius norms of the three displayed summands are at most ∥v∥, ∥v∥, and ∥v∥, respectively.
Thus the derivative has norm at most 3∥v∥. Consequently, with Φr := DΦ[r], the componentwise
derivative bound and Lemma 4.13 give

∥Φr∥2F ≤ 9
∑

i

∥Dui[r]∥2 = 9 ∥DU [r]∥2F ≤ 9 p2

4 ∥r∥2.

The identity DΛ̄[r] = −(ΦrΦ∗ +ΦΦ∗
r) gives ∥DΛ̄[r]∥F ≤ 2∥Φr∥F ∥Φ∥op ≤ 3p∥r∥. After absorb-

ing the fixed polynomial in p into Cp, submultiplicativity and the bounds on R, DΛ̄[r], and RB
give

∥DN [r]B∥F ≤ 2 ∥R∥op ∥DΛ̄[r]∥F ∥RB∥op ≤ 2 · p
2
· 3p∥r∥ · p

2
= Cp∥r∥.

Lemma 4.15 (Row-dependent Hessian contraction). If directions ri ∈ Rd satisfy ∥ri∥ ≤ µ
√
wi for

all i, then
n∑

i=1

|D2ℓi[ri, ri]| ≤ Cp µ
2 d. (33)

Proof. Write ri =
√
wi qi with ∥qi∥ ≤ µ, and take the i-th component of Eq. (31) with direction ri;

each of the three terms is bilinear in ri, contributing a factor wi that combines with the prefactor

w
−1/2
i .
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First terms. (ℓri)
2
i = (e⊤i NBqi)

2 after the substitution. Using ∥qi∥ ≤ µ, Frobenius-norm
submultiplicativity, ∥N∥op ≤ p, wi ≤ 1, and

∑
iwi = d gives

∑

i

1
2(ℓri)

2
i ≤ 1

2µ
2 ∥NB∥2F ≤ 1

2µ
2 ∥N∥2op∥B∥2F ≤ 1

2µ
2p2

∑

i

w
1+2/p
i ≤ Cpµ2d. (34)

Middle terms. The i-th component is
√
wi e

⊤
i DN [qi]Bqi. By Cauchy–Schwarz with weights√

wi and
∑

iwi = d,
∑

i

√
wi |e⊤i DN [qi]Bqi| ≤

√
d (

∑

i

|e⊤i DN [qi]Bqi|2)1/2.

Expand

DN [qi]Bqi =
∑

a,b

(qi)a(qi)bDN [ea]Beb, T
(i)
ab := e⊤i DN [ea]Beb.

Then Cauchy–Schwarz and ∥qi∥ ≤ µ imply

|e⊤i DN [qi]Bqi| ≤ ∥qi∥2∥T (i)∥F ≤ µ2∥T (i)∥F ,

while the definition of T (i) and Eq. (32) give
∑

i

∥T (i)∥2F =
∑

a

∑

i,b

(e⊤i DN [ea]Beb)
2 =

∑

a

∥DN [ea]B∥2F ≤ Cpd.

Combining these bounds and absorbing the square root of Cp into Cp,
∑

i

√
wi |e⊤i DN [qi]Bqi| ≤

√
d · µ2

√
Cpd = Cpµ

2d. (35)

Last terms. Set

C0 := I + 1
2N, L0 := −W−1/2C0B, Ti := L⊤

0 Diag(e⊤i N)B =
∑

j

Nij (L0)
⊤
j (B)j ,

where (L0)j , (B)j denote rows and (L0)
⊤
j (B)j their rank-one outer products. Since tq =

1
2ℓq − sq =

−W−1/2(I + 1
2N)Bq = L0q by Eq. (30), the i-th component of the last term of Eq. (31) with

direction ri is
√
wi q

⊤
i Tiqi. Viewing ((L0)

⊤
j (B)j)j≤n as a vector with entries in the Hilbert space

(Rd×d, ∥·∥F ), let N act on the index j. The Hilbert-space operator-norm bound, the row identities
for L0 and B, and Lemma 4.7(ii) give

∑

i

∥Ti∥2F ≤ ∥N∥2op
∑

j

∥(L0)j∥2∥(B)j∥2

= ∥N∥2op
∑

j

w
2/p
j ∥e⊤j C0B∥2

≤ p2(L+
p )

2
∑

j

w
1+2/p
j ≤ Cp d,

where Lemma 4.7(ii) is used with γ = 1
2 at the normalized point B̂ = B.

A final weighted Cauchy–Schwarz, together with
∑

iwi = d, gives

∑

i

√
wi |q⊤i Tiqi| ≤ µ2

∑

i

√
wi ∥Ti∥F ≤ µ2

√∑
iwi

√∑
i∥Ti∥2F ≤ Cpµ2d. (36)

Combining Eq. (34), (35) and (36) with Lemma 4.12 proves Eq. (33).
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Remark 4.16. The lemma is sharp in its dependence on the row profile: replacing the hypothesis
∥ri∥ ≤ µ

√
wi by a uniform bound ∥ri∥ ≤ µ would force an extra factor of maxiw

−1
i through

Eq. (34). It is precisely the directions Qui, whose norms are at most
√
wi, that the Stein identity

produces in Section 4.5. Thus the Stein directions satisfy exactly the row-dependent hypothesis of
the lemma.

4.5 A Stein bound for the centered fluctuation, and the acceptance lower tail

This section controls the centered fluctuation

Z(h) = (c− w̄)⊤a, h ∼ N(0, Q),

and assembles the uniform lower tail for the complete Metropolis ratio (Lemma 4.23). The mean
of Z is treated by Gaussian integration by parts, reduced through Lemma 4.15; its deviations
are controlled by a dimension-free Lipschitz bound. Both steps take place on the stability tube
of Section 4.3, and a cutoff and a global extension reconcile that tube with the full-space Stein
identity.

Lemma 4.17 (Twice-integrated Gaussian Stein identity). Let h ∼ N(0, Q) and let F : Rd → R be
globally C1,1 (equivalently W 2,∞) with compact support. Then for every v ∈ Rd,

E[((v⊤h)2 − v⊤Qv)F (h)] = E[(Qv)⊤D2F (h) (Qv)],

where D2F is the (a.e.-defined, bounded) weak Hessian.

Proof. Write h = Q1/2ξ with ξ standard; this representation also covers singular Q. For F ∈ C∞
c ,

apply one-dimensional Gaussian integration by parts twice to F (Q1/2ξ). This composition and its
first two derivatives are bounded, so the Gaussian boundary terms vanish even when the composi-
tion is not compactly supported. The chain rule gives E[hahbF ] = QabE[F ]+

∑
c,eQacQbeE[∂c∂eF ];

contract with vavb. For F ∈ W 2,∞ with compact support, mollify and pass to the limit using
dominated convergence on both sides.

The relevant second derivative is exact: differentiating Eq. (11) twice in h (the slack term is
the composition of − log(1 + ·) with a linear map),

D2
hai[v, v] = η2(β D2ℓy,i[v, v] + (Ayv)

2
i ), y = x+ ηh. (37)

To apply Lemma 4.15 at y, pass to y-normalized coordinates: let V = W β
y AyH(y)−1/2 with

rows vi, so V
⊤V = I and ∥vi∥2 = wy,i. From Eq. (12),

ui = e−ai H(y)1/2vi, hence H(y)1/2Qui = e−ai H(y)1/2QH(y)1/2 vi. (38)

On K+
0 , Lemma 4.8 and Q ⪯ I give ∥H(y)1/2QH(y)1/2∥op ≤ e2∥a∥∞ ≤ e1/16 and e−ai ≤ e1/32, so

∥H(y)1/2Qui∥ ≤ C√wy,i for all i. (39)

The vectors H(y)1/2Qui are exactly the y-normalized versions of the Stein directions Qui, and
Eq. (39) is the row-dependent hypothesis of Lemma 4.15 with µ = O(1). The slack part of Eq. (37)
has the sharper direct bound. Set Qy := H(y)1/2QH(y)1/2 ⪯ CI. Using ∥vi∥2 = wy,i, 2 − 2β =
1 + 2/p, wy,i ≤ 1, and

∑
iwy,i = d, we obtain

(AyQui)i = e−ai w−β
y,i v

⊤
i Qyvi =⇒

∑

i

(AyQui)
2
i ≤ C

∑

i

w2−2β
y,i = C

∑

i

w
1+2/p
y,i ≤ Cd.

(40)
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Lemma 4.18 (Mean bound on the tube). Let χ be any [0, 1]-valued cutoff supported in K+
0 . Then

|
∑

i

E[χ(h) (Qui)⊤D2
hai(h) (Qui)]| ≤ Cp η

2d = Cp ρ
2.

Proof. Pointwise on K+
0 , by Eq. (37), Eq. (38), and the coordinate covariance of second derivatives

(D2ℓy,i evaluated at direction Qui in base coordinates equals the y-normalized Hessian evaluated
at H(y)1/2Qui), Lemma 4.15 and Eqs. (39) and (40) give

∑

i

|(Qui)⊤D2
hai (Qui)|

≤ η2(β
∑

i

|D2ℓy,i[H(y)1/2Qui, H(y)1/2Qui]|y-norm. +
∑

i

(AyQui)
2
i )

≤ η2(Cpd+ Cd).

Multiply by χ ≤ 1 and take expectations.

Lemma 4.19 (Dimension-free Lipschitz bound). On the convex set K0,

Lip(Z|K0) ≤ CpM0ρ (τ
2
1 + 1), (41)

with no power of d.

Proof. Differentiating Eq. (27),

∇Z = 2U⊤Diag(a)Uh+ (Dha)
⊤(c− w̄).

For the first term, write U⊤Diag(a)Uh =
∑

i ui ai
√
wi (k

⊤
i h) and use ∥U⊤∥op ≤ 1 and |k⊤i h| ≤ τ1

on the tube to obtain

∥U⊤Diag(a)Uh∥ ≤ (
∑

i

a2iwi(k
⊤
i h)

2)1/2 ≤ τ1∥a∥W .

For the second term, |ci − w̄i| ≤ (τ21 + 1)wi gives ∥W−1/2(c − w̄)∥ ≤ (τ21 + 1)
√
d. Inserting

W 1/2W−1/2, applying Eq. (23), and using η
√
d = ρ yields

∥(Dha)
⊤(c− w̄)∥ ≤ ∥W 1/2Dha∥op ∥W−1/2(c− w̄)∥ ≤ e5/32 p2 η (τ21 + 1)

√
d = Cp ρ (τ

2
1 + 1).

Combining with ∥a∥W ≤ CpM0ρ from Eq. (23) and M0 ≥ 1 yields Eq. (41); convexity of K0

converts the gradient bound into a Lipschitz bound.

The function a(h) is naturally defined only while x+ ηh remains in the stable feasible tube, so
Lemma 4.17 cannot be applied to ai directly. We close the domain issue as follows.

Lemma 4.20 (Cutoff). There is a function χ : Rd → [0, 1], equal to 1 on K0, supported in K+
0 ,

with
∥∇χ∥ ≤ C, ∥D2χ∥op ≤ C a.e. (42)

Proof. Let ϕ(h) = dist(h,K0)
2. Since K0 is convex, ϕ is convex and C1,1 with ∇ϕ(h) = 2(h−ΠK0h),

which is 2-Lipschitz; hence 0 ⪯ D2ϕ ⪯ 2I a.e. For completeness, projection optimality gives,
for the residual map r = I − ΠK0 , ⟨r(x) − r(y), x − y⟩ ≥ ∥r(x) − r(y)∥2; thus r is 1-Lipschitz,
and differentiating the squared distance gives ∇ϕ = 2r. Compose with a fixed scalar C∞ bump
θ : [0,∞) → [0, 1], θ ≡ 1 on [0, 19 ], θ ≡ 0 on [49 ,∞): then χ = θ ◦ ϕ is 1 on K0, vanishes when
dist(h,K0) ≥ 2

3 , and satisfies Eq. (42) because ∥∇ϕ∥ ≤ 4
3 on the support of θ′ ◦ϕ. The construction

is dimension-free.
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Lemma 4.21 (McShane extension). Let K ⊆ Rd be nonempty and let F : K → R be Λ-Lipschitz.
Then

F̃ (x) := inf
z∈K
{F (z) + Λ∥x− z∥}

is a Λ-Lipschitz extension of F to Rd. If 0 ∈ K and F (0) = 0, then |F̃ (x)| ≤ Λ∥x∥.

Proof. For x ∈ K, Lipschitzness gives F (z)+Λ∥x−z∥ ≥ F (x) for every z ∈ K, while choosing z = x
gives the reverse inequality; hence F̃ = F on K. The infimum is finite: fixing z0 ∈ K, Lipschitzness
and the reverse triangle inequality give

F (z) + Λ∥x− z∥ ≥ F (z0)− Λ∥x− z0∥ (z ∈ K),

while the candidate z = z0 supplies a finite upper bound. The triangle inequality gives F̃ (x) ≤
F̃ (y) + Λ∥x − y∥, and exchanging x, y proves the global Lipschitz bound. The last claim follows
from F̃ (0) = F (0) = 0.

Each product aiχ is C1,1 on the open tube in which K+
0 is compactly contained (by Lemma 4.8

the segment stays strictly feasible there) and extends by zero to a global W 2,∞ function of compact
support: the cutoff already vanishes on the open collar where dist(h,K0) > 2/3, before the boundary
of K+

0 is reached. Thus Lemma 4.17 applies to F = aiχ. Summing over i,

E[Zχ] =
∑

i

E[(Qui)⊤D2(aiχ)(h) (Qui)]. (43)

Expanding D2(aiχ) = χD2ai + (∇ai)(∇χ)⊤ + (∇χ)(∇ai)⊤ + aiD
2χ, the leading term is bounded

by Lemma 4.18. The three cutoff terms are supported on K+
0 \K0, an event of probability at most

δ0. Their deterministic sizes on the collar are as follows. The two gradient terms together are at
most

2
∑

i

|(Qui)⊤∇ai||(Qui)⊤∇χ| ≤ CpLpη
∑

i

wi = CpLpρ
√
d,

where we used the rowwise bounds |(∇ai)⊤Qui| ≤ CLpη
√
wi (from Eq. (20), (19) and (39)),

∥Qui∥ ≤
√
wi,

∑
iwi = d, and ∥∇χ∥ ≤ C. The Hessian-of-cutoff term is at most

∑

i

|ai| ∥D2χ∥op∥Qui∥2 ≤ C
∑

i

|ai|wi ≤ C
√
d ∥a∥W ≤ CpM0ρ

√
d.

Integrating on the collar and using δ0 ≤
√
δ0 gives the common upper bound

CpM0ρ (1 +
√
d)

√
δ0. (44)

Finally, apply Lemma 4.21 to Z|K0 and denote the same-Lipschitz-constant extension by Z̃ : Rd →
R. The means of Z̃ and Zχ agree up to an error supported off K0. Here 0 ∈ K0, a(0) = 0, and hence
Z(0) = 0. Because the extension preserves values on K0, its Lipschitz constant Λ gives the global
growth bound |Z̃(h)| ≤ Λ∥h∥. Using this fact and the pointwise bound |Z| ≤ (τ21 + 1)

√
d ∥a∥W on

K+
0 , the second moments satisfy E[Z̃(h)2] ≤ Λ2E[∥h∥2] ≤ Λ2d and E[(Zχ)2] ≤ CpM

2
0ρ

2(τ21 + 1)2d.
Cauchy–Schwarz on the probability-δ0 complement now gives

|E[Z̃]− E[Zχ]| ≤ CpM0ρ (τ
2
1 + 1)

√
d
√
δ0. (45)

With δ0 = ϵ20d
−3, both Eq. (44) and Eq. (45) are at most CpM0ρ (τ

2
1 + 1) ϵ0/d.
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Lemma 4.22 (Concentration of the fluctuation). With probability at least 1−2ϵ0 over h ∼ N(0, Q),

|Z| ≤ Cp[M
2
0ρ

2 +M0ρ (τ
2
1 + 1)(

√
log(2/ϵ0) + ϵ0)]. (46)

Proof. Write h = Q1/2ξ; sinceQ ⪯ I, Z̃(Q1/2·) is Lipschitz in ξ with constant Lip(Z̃) ≤ CpM0ρ(τ
2
1+

1) from Lemma 4.19. By Lemma 3.2, |Z̃ − E[Z̃]| ≤ Lip(Z̃)
√

2 log(2/ϵ0) with probability ≥ 1− ϵ0.
By Lemma 4.18, Eq. (43), Eq. (44) and Eq. (45), |E[Z̃]| ≤ Cpρ

2 + CpM0ρ(τ
2
1 + 1)ϵ0/d. On the

event h ∈ K0 (probability ≥ 1 − δ0 ≥ 1 − ϵ0), Z = Z̃. Combining the preceding bounds on the
intersection of these events proves the claim.

For fixed ϵ0, it suffices to take

ρ ≤ c

ΓpM0 (1 + log(nd/ϵ0))
, κ =

r2

ρ2
, (47)

where Γp is a sufficiently large polynomial in p; thus κ is polylogarithmic in n and d, and Eq. (21)
holds as well. By Eq. (18), this choice makes the right-hand sides of Eq. (28), (29) and (46) smaller
than any desired universal constant.

Lemma 4.23 (Uniform lower tail for the complete ratio). There are universal constants C < ∞
and ϵ < 1

10 such that, uniformly at every deterministic x ∈ K◦, the walk of Definition 4.1 satisfies

Pr
Y∼qx

[Y ∈ K and logRx(Y ) ≥ −C] ≥ 1− ϵ. (48)

The constants are independent of x, n, d, L, R, and the orientation of the regularizer.

Proof. Work in the normalized coordinates; the ratio Rx is invariant under the affine substitu-
tion. Intersect three events: the tube event {h ∈ K0} (probability ≥ 1 − δ0, Lemma 4.6);
the concentration event of Lemma 4.22 (probability ≥ 1 − 2ϵ0); and the Gaussian norm event
{∥ξ∥ ≤

√
d +

√
2 log(1/ϵ0)} (probability ≥ 1 − ϵ0 by Lemma 3.2, since E[∥ξ∥] ≤

√
d). The failure

probabilities sum to at most ϵ := ϵ20 + 3ϵ0 <
1
10 for a small universal ϵ0, since δ0 = ϵ20d

−3 ≤ ϵ20.
Feasibility. On the norm event, ∥Y − x∥H(x) = η∥h∥ ≤ η∥ξ∥ ≤ ρM0 < 1. By the base-point

identity (Ax)iH(x)−1(Ax)
⊤
i = w

2/p
i ≤ 1 (see Eq. (55) below) and Cauchy–Schwarz, the open unit

H(x)-ellipsoid lies in K◦; hence Y and the whole segment [x, Y ] are interior.
Proposal ratio. By Lemma 4.4,

Λq(x, Y ) = −Z − 1
2(c− w̄)⊤(b− 2a) + 1

2{log det(I + E)− tr[E]},
and on the intersected event each of the three terms is bounded by a universal constant by
Lemma 4.22, Lemma 4.9, and Lemma 4.11, using the choice Eq. (47). Hence Λq(x, Y ) ≥ −C/2.

Target ratio. If L = 0, Lipschitzness says that f is constant on the convex body K, so f(Y )−
f(x) = 0. If L > 0, then G(x) ⪰ L2I and the proposal has covariance r2

d G(x)
−1. Work on the

norm event. Lipschitzness, the metric lower bound, and the Gaussian proposal representation give

f(Y )− f(x) ≤ L∥Y − x∥2 ≤ L ·
1

L
∥Y − x∥G(x) =

r√
d
∥ξ∥ = O(r).

Combining, logRx(Y ) = −(f(Y )−f(x))+Λq(x, Y ) ≥ −O(r)−C/2 ≥ −C for r a small universal
constant.

Remark 4.24. Lemma 4.23 holds at every interior point, with no dependence on the distance to
∂K. The analysis is affine-invariant, and the only property of the regularizer used in Sections 4.2,
4.3, and 4.4 is C ⪰ 0. Consequently no boundary-layer or s-conductance device is needed in
Section 4.6.
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4.6 From acceptance to mixing

We now return to the original coordinates and convert Lemma 4.23 into conductance through five
explicit steps: local Gaussian overlap, a kernel-overlap lemma, symmetry, cross-ratio isoperime-
try, and Cheeger’s inequality. We execute them for the complete kernel directly, so that no for-
ward/reverse asymmetry ever reappears.

Lemma 4.25 (SSC of the regularized metric). G = κH + L2I with κ ≥ 2(1 + p2) satisfies, for all
x ∈ K◦ and v ∈ Rd,

∥G(x)−1/2DG(x)[v]G(x)−1/2∥F ≤ 2∥v∥G(x).

Proof. Let Hκ := κH, which is SSC by Lemma 3.4. Set X = H
−1/2
κ DHκ[v]H

−1/2
κ , so ∥X∥F ≤

2∥v∥Hκ , and C = H
1/2
κ G−1/2, so ∥C∥op ≤ 1 because Hκ ⪯ G. Also, DG[v] = DHκ[v]. Thus the

definitions of C and X, SSC of Hκ, and Hκ ⪯ G imply

∥G−1/2DG[v]G−1/2∥F = ∥C⊤XC∥F ≤ ∥X∥F ≤ 2∥v∥Hκ ≤ 2∥v∥G.

Since the Frobenius norm dominates the spectral norm, G satisfies the hypothesis of Lemma 3.5:
if

∆ := ∥x− z∥G(x) ≤
cloc r√
d

(x, z ∈ K◦), (49)

then (for ∆ ≤ 1
2 , ensured by r ≤ 1)

(1−∆)2G(x) ⪯ G(z) ⪯ (1−∆)−2G(x). (50)

Lemma 4.26 (Pinsker’s inequality). For probability densities p, q,

dTV(p, q)
2 ≤ 1

2DKL(p∥q).

Proof. The claim is immediate if the relative entropy is infinite. Otherwise put A = {p ≥ q},
a =

∫
A p, and b =

∫
A q. Then a− b = dTV(p, q). Jensen’s inequality on A and Ac (equivalently, the

two-set log-sum inequality) gives

DKL(p∥q) ≥ a log
a

b
+ (1− a) log 1− a

1− b =: gb(a).

For fixed b ∈ (0, 1), gb(b) = g′b(b) = 0 and g′′b (s) = 1/[s(1 − s)] ≥ 4, so gb(a) ≥ 2(a − b)2.
Endpoint cases follow by continuity.

Lemma 4.27 (Proposal overlap). There is a universal cloc > 0 such that Eq. (49) implies

dTV(qx, qz) ≤ δq

for a fixed constant δq < 1− 2ϵ, where ϵ is from Lemma 4.23.

Proof. For the Gaussians qx = N(x, r
2

d G(x)
−1), qz = N(z, r

2

d G(z)
−1), taking the expectation of the

log density ratio gives the general identity

DKL(N(m0,Σ0)∥N(m1,Σ1)) =
1

2
[tr[Σ−1

1 Σ0] + ∥m1 −m0∥2Σ−1
1
− d+ log

detΣ1

detΣ0
].
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Substitution gives

DKL(qx∥qz) =
1

2
[
d∑

j=1

(λj − 1− log λj) +
d

r2
∥x− z∥2G(z)],

where λj are the eigenvalues of G(x)−1/2G(z)G(x)−1/2. By Eq. (50), λj ∈ [(1 − ∆)2, (1 − ∆)−2].
For ∆ ≤ 1/2, this interval gives |λj − 1| ≤ C∆ and λj ≥ 1/4; moreover

0 ≤ λ− 1− log λ =

∫ λ

1

t− 1

t
dt ≤ C(λ− 1)2.

Consequently
∑

j(λj − 1− log λj) ≤ Cd∆2 and ∥x− z∥2G(z) ≤ 4∆2. With r ≤ 1 and Eq. (49),

DKL(qx∥qz) ≤ C(d∆2 +
d∆2

r2
) ≤ C ′c2loc.

Choosing cloc sufficiently small and applying Lemma 4.26 gives the claimed bound.

The next lemma is what lets us use the complete-ratio estimate Lemma 4.23 directly, with no
separate treatment of determinant and quadratic terms at the coupling stage either.

Lemma 4.28 (Kernel overlap). Suppose Eq. (48) holds at both x and z, and dTV(qx, qz) ≤ δq.
Then the accepted (moving) parts of the two transition kernels have common mass at least

γ0 := e−C (1− δq − 2ϵ) > 0, (51)

and consequently, for the 1
2 -lazy kernels Px, Pz,

dTV(Px, Pz) ≤ 1− γ0
2
. (52)

Proof. Let Ex := {u ∈ K : Rx(u) ≥ e−C} and likewise Ez. The moving part of the non-lazy kernel
at x has density u 7→ qx(u) (1 ∧ Rx(u)) on K, so the common mass of the two moving parts is at
least ∫

Ex∩Ez

e−C min{qx(u), qz(u)} du.

The measure with density min(qx, qz) has total mass at least 1 − δq; its mass on Ecx is at most
qx(E

c
x) ≤ ϵ by Eq. (48), and likewise on Ecz. This proves Eq. (51); laziness retains half of the

common moving mass, giving Eq. (52).

Combining Lemmas 4.27 and 4.28: the lazy kernels have overlap at least γ0/2 whenever

∥x− z∥G(x) ≤
cloc r√
d
. (53)

Definition 4.29 (Symmetry; [LLV20]). For a metric M write DM (x, t) := {z : ∥z − x∥M(x) ≤ t}.
The metric is ν̄-symmetric if

DM (x, 1) ⊆ K ∩ (2x−K) ⊆ DM (x,
√
ν̄) (x ∈ K◦).
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Lemma 4.30 (Symmetry parameter). The scaled LS metric Hκ = κH is ν̄LS-symmetric with

ν̄LS := κn2/pd1−2/p = Õ(d), (54)

and G = κH + L2I is νG-symmetric with

νG ≤ ν̄LS + 4L2R2.

Proof. Containment of the unit ellipsoid. The Lewis fixed point Eq. (1) gives, for the i-th row of
Ax,

(Ax)i,·H(x)−1 (Ax)
⊤
i,· = w

2/p
x,i ≤ 1, (55)

(in normalized coordinates this is ∥w−β
i ui∥2 = w1−2β

i = w
2/p
i ). By Cauchy–Schwarz, ∥z−x∥H(x) ≤ 1

implies |(Ax(z − x))i| ≤ 1 for all i, and then both z and 2x − z have nonnegative slacks sx ◦ (1 ±
Ax(z − x)). Hence DHκ(x, 1) ⊆ DH(x, 1) ⊆ K ∩ (2x−K), using κ ≥ 1.

Containment in the outer ellipsoid. If z ∈ K ∩ (2x−K), then every normalized slack displace-

ment satisfies |(Ax(z−x))i| ≤ 1. Hölder’s inequality, in the form
∑

i 1 ·w
1−2/p
i ≤ n2/p(∑iwi)

1−2/p,
then gives

∥z − x∥2H(x) =
∑

i

w
1−2/p
x,i (Ax(z − x))2i ≤

∑

i

w
1−2/p
x,i ≤ n2/p d1−2/p.

Scaling by κ gives Eq. (54); note n2/p ≤ e and κ = Õ(1), so ν̄LS = Õ(d).
The regularized metric. DG(x, 1) ⊆ DHκ(x, 1) ⊆ K ∩ (2x − K) since G ⪰ Hκ; and for z ∈

K ∩ (2x−K), Eq. (54) and the diameter bound diam(K) ≤ 2R give

∥z − x∥2G(x) = ∥z − x∥2Hκ(x)
+ L2∥z − x∥22 ≤ ν̄LS + 4L2R2.

This proves the regularized-metric bound.

This self-contained computation agrees with [LLV20, Lemma 4.3].

Definition 4.31 (Chord cross ratio). For distinct x, z ∈ K◦, let their line meet ∂K in the order
p∂ , x, z, q∂ and put α = ∥x− p∂∥2, βc = ∥z − x∥2, γ = ∥q∂ − z∥2. The cross ratio is

σ(x, z) :=
βc (α+ βc + γ)

αγ
.

Lemma 4.32 (Cross ratio dominates the local norm). For all distinct x, z ∈ K◦,

σ(x, z) ≥
∥x− z∥G(x)√

νG
.

Proof. Let e = (z− x)/∥z− x∥2. The radius of the symmetric body K ∩ (2x−K) at x in direction
±e is t = min(α, βc + γ), so x + te lies in the closure of K ∩ (2x − K), and νG-symmetry gives
t ∥e∥G(x) ≤

√
νG. Checking the two cases t = α and t = βc + γ gives

σ(x, z) =
βc(α+ βc + γ)

αγ
≥ βc

t
.

Hence σ(x, z) ≥ βc∥e∥G(x)/
√
νG = ∥z − x∥G(x)/

√
νG.
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Lemma 4.33 (Conductance). The walk of Definition 4.1 has conductance

Φ := inf
0<π(A)≤1/2

Q(A,Ac)
π(A)

≥ cisoγ0
128

ℓsep ≥
c r√

d (ν̄LS + L2R2)
, ℓsep :=

cloc r√
d νG

∧ 1, (56)

where Q(A,Ac) :=
∫
A Px(A

c)π(dx) is the stationary flow.

Proof. Fix a measurable A with 0 < π(A) ≤ 1
2 , put b0 := γ0/8, and define the deep sets

A1 = {x ∈ A : Px(A
c) ≤ b0}, A2 = {z ∈ Ac : Pz(A) ≤ b0}.

Because K is full-dimensional, its boundary has Lebesgue and hence π-measure zero. We may
intersect A1, A2 with K◦ and put ∂K into A3 below; stationary masses and flows are unchanged.
Thus every pair to which the local and cross-ratio lemmas are applied lies in K◦. For x ∈ A1,
z ∈ A2, dTV(Px, Pz) ≥ Pz(Ac)−Px(Ac) ≥ 1−2b0 > 1−γ0/2, so by Lemma 4.28 such a pair cannot
satisfy Eq. (53): ∥x− z∥G(x) > clocr/

√
d. Then Lemmas 4.32 and 4.30 give the uniform separation

σ(x, z) ≥ ℓsep for all x ∈ A1, z ∈ A2. (57)

Let A3 := K \ (A1 ∪A2), B1 := A \A1, B2 := Ac \A2, so A3 = B1 ∪̇B2. The definitions of B1, B2

and reversibility give

Q(A,Ac) ≥ b0 π(B1), Q(A,Ac) = Q(Ac, A) ≥ b0 π(B2). (58)

Case 1: π(A1) < π(A)/2 or π(A2) < π(Ac)/2. Then π(B1) ≥ π(A)/2 or π(B2) ≥ π(Ac)/2 ≥
π(A)/2, and Eq. (58) gives Q(A,Ac)/π(A) ≥ b0/2.

Case 2: π(A1) ≥ π(A)/2 and π(A2) ≥ π(Ac)/2 ≥ 1
4 . Since π is log-concave and Eq. (57)

certifies separation σ0 = ℓsep ≤ 1, Lemma 3.6 applied to the partition (A1, A2, A3) gives

π(A3) ≥ ciso ℓsep π(A1)π(A2) ≥
ciso ℓsep

8
π(A).

Adding the two bounds in Eq. (58) and using A3 = B1∪̇B2, 2Q(A,Ac) ≥ b0 π(A3), whence
Q(A,Ac)/π(A) ≥ b0cisoℓsep/16.

In both cases Φ ≥ cisoγ0
128 ℓsep; substituting νG ≤ ν̄LS + 4L2R2 from Lemma 4.30 and absorbing

constants gives Eq. (56).

5 Proof of Theorem 1.2

5.1 Main theorem

Theorem 5.1 (Spectrahedra; formal version of Theorem 1.2). Let K := {x ∈ Rd : A0+
∑d

i=1 xiAi ⪰
0} be bounded, strictly feasible after minimal-face reduction, and contained in B2(0, R), with n× n
matrix blocks, let f be convex and L-Lipschitz on K, and let π ∝ e−f1K . For the log-det met-
ric, let ψ+

∗ be the maximum of one and the supremum, over x ∈ K◦, of the spectral norm of the
whitened matrix leverage operator at x. Choose κ as in Eq. (74), so κ = Õ(ψ+

∗ ). Then, for w ≥ 1
and 0 < δ < 1, the exact-metric 1

2 -lazy Metropolis walk reaches total-variation distance δ from a
w-warm start in

Õ((ψ+
∗ nd+ dL2R2) log(w/δ))

steps.
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Proof. Let f0 = dµ0/dπ ≤ w; then ∥f0−1∥2L2(π) =
∫
f20dπ−1 ≤ w−1. The chain is reversible and 1

2 -

lazy, so its spectrum is nonnegative. The Cheeger inequality in Lemma 3.19 gives gap(P ) ≥ cChΦ
2.

Cauchy–Schwarz and spectral contraction therefore give

dTV(µ0P
t, π) ≤ 1

2∥P t(f0 − 1)∥L2(π) ≤ 1
2(1− gapP )t

√
w − 1 ≤ 1

2 e
−cChtΦ

2√
w.

Here the warm-start bound controls the initial L2(π) norm, and the last inequality uses 1−u ≤ e−u,
gap(P ) ≥ cChΦ

2, and
√
w − 1 ≤ √w.

Solving for error δ and inserting Lemmas 5.24 and 5.22 gives

tmix(δ) ≤ C
d νG
r2

log(w/δ) = C
d(κn+ 4L2R2)

r2
log(w/δ).

Here the equality uses νG = κn+ 4L2R2.
With r universal and κ = Õ(ψ+

∗ ) from Eq. (74), this is Õ((ψ+
∗ nd+ dL2R2) log(w/δ)).

5.2 Normalization, endpoint formulas, and the ledger

This section is exact algebra; no estimates are made.
Fix a deterministic current point x ∈ K◦. Replace each Ai (i ≥ 1) by its slack congruence

S(x)−1/2AiS(x)
−1/2. This gives an equivalent representation of the same constraint set, since

S(x + u) = S(x)1/2(I +
∑

i ui S(x)
−1/2AiS(x)

−1/2)S(x)1/2. We then apply the linear change of
variables in Rd that orthonormalizes these congruenced directions in the Frobenius inner product.
In the new coordinates, which we use throughout Sections 5.2, 5.3, 5.4 and 5.5:

S(x) = I, Ā(u) :=

d∑

a=1

uaĀa, ∥Ā(u)∥F = ∥u∥, H(x) = Id, (59)

where {Āa} is the orthonormal frame of Definition 3.9 and the third identity is frame orthonormality.
The Metropolis ratio Rx is invariant under this substitution: the congruence is an identity on K,
and under the linear change of variables both Gaussian densities in the ratio pick up the same
Jacobian, while H and G transform as metrics.

After the same change of variables the regularizer becomes a constant positive semidefinite
matrix, and we factor

G(x) = κ(I + C), C ⪰ 0, Q := (I + C)−1, 0 ⪯ Q ⪯ I. (60)

Only C ⪰ 0 is used below, so all estimates are uniform in L and in the orientation of the regularizer.
A proposal has the representation

Y = x+ ηh, h ∼ N(0, Q), η =
r√
κd

=
ρ√
d
, ρ :=

r√
κ
. (61)

For a step g ∈ Rd write

∆ = ∆(g) := η Ā(g), R = R(g) := (I +∆)−1 (defined when ∥∆∥op < 1).

R and ∆ commute. Since S(x+ ηg) = I +∆(g) in the normalized coordinates:
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Lemma 5.2 (Endpoint identities). Let g satisfy ∥∆(g)∥op < 1. Then the entire segment [x, x+ηg]
lies in K◦, and with y = x+ ηg,

H(y)ab = tr[RĀaRĀb], Ē := H(y)− I, Ēab = − tr[∆RĀaRĀb]− tr[∆RĀbĀa]. (62)

Moreover, as functions of h (with ∂c := ∂/∂hc and all matrices evaluated at the same h),

∂cR = −η RĀcR, (63)

∂cĒab = −η[tr[RĀcRĀaRĀb] + tr[RĀaRĀcRĀb]], (64)

∂e∂cĒab = η2[Fecab + Fceab + Fcaeb + Feacb + Faecb + Faceb], (65)

Fwxyz := tr[RĀwRĀxRĀyRĀz],

where each of the four letters a, c, b, e appears exactly once in every word, and F is invariant under
cyclic shifts of its four letters.

Proof. Feasibility: S(x + tηg) = I + t∆ ≻ 0 for t ∈ [0, 1] when ∥∆∥op < 1. The metric formula is
Eq. (8) after the congruence by S(y)−1/2, i.e. H(y)ab = tr[S(y)−1ĀaS(y)

−1Āb] with S(y)−1 = R.
For the increment, insert R−I = −∆R twice: tr[RĀaRĀb]−tr[ĀaĀb] = tr[(R−I)ĀaRĀb]+tr[Āa(R−
I)Āb], and use cyclicity on the second term. Eq. (63) is ∂c(I +∆)−1 = −(I +∆)−1(∂c∆)(I +∆)−1

with ∂c∆ = ηĀc. Differentiating Ēab = tr[RĀaRĀb] − δab by the product rule across the two R-
factors gives Eq. (64); differentiating each three-letter trace in Eq. (64) across its three R-factors
gives Eq. (65)—inserting −ηĀe (with its two flanking R’s) at each of the three R-slots of each of the
two words, six four-letter words in total, each carrying the sign (−η)(−η) = η2. In every resulting
word the differentiated directions Āc and Āe occur once, while the original directions Āa and Āb
also occur once; cyclic invariance lets us start the trace at any one of these four letters. This proves
the last claim.

Lemma 5.3 (Ledger). Let g satisfy ∥∆(g)∥op < 1 and y = x + ηg. With E := Q1/2ĒQ1/2, the
complete Gaussian proposal log-ratio satisfies, exactly,

log
qy(x)

qx(y)
=

1

2
{log det(I + E)− tr[E]} − 1

2
Z(g),

Z(g) := g⊤Ēg − tr[QĒ]

=
∑

a,b

(gagb −Qab)Ēab.
(66)

Proof. In the normalized coordinates G(z) = κH(z) + κC, so G(y)−G(x) = κĒ and, with qz(·) ∝
detG(z)1/2 exp(− d

2r2
∥· − z∥2G(z)),

log
qy(x)

qx(y)
=

1

2
log

detG(y)

detG(x)
− d

2r2
(y − x)⊤(G(y)−G(x))(y − x).

For the determinant, detG(y)/detG(x) = det(I + C + Ē)/det(I + C) = det(I + Q1/2ĒQ1/2) =
det(I + E) by Eq. (60). For the quadratic part, y − x = ηg and dη2κ/r2 = 1 by Eq. (61), so it
equals g⊤Ēg. Finally tr[E] = tr[QĒ], and adding and subtracting 1

2 tr[E] gives Eq. (66).

The uncentered coupling term tr[QĒ]—simultaneously the linear part of the determinant and
the mean of the random quadratic form— has cancelled identically. The two braces are controlled
in Section 5.3 (determinant remainder) and Sections 5.4 and 5.5 (centered fluctuation Z).

36



5.3 The spectral tube, stability, and the determinant remainder

Throughout, x is fixed and we work in the normalized coordinates of Section 5.2.
Fix a small universal failure parameter ϵ0 and set

δ0 := ϵ20d
−3, R0 :=

√
d+

√
2 log(2/δ0), τ0 :=

√
2ψ(x) log(8n/δ0).

Define the convex spectral tube and its collar

K0 := {g ∈ Rd : ∥g∥ ≤ R0, ∥Ā(g)∥op ≤ τ0}, K+
0 := K0 +B2(0, 1),

and set R1 := R0 + 1, τ1 := τ0 + 1, M0 := R1/
√
d. Note M0 = Oϵ0(1) and

τ21 ≤ 16ψ+(x) (1 + log(nd/ϵ0)), ψ+(x) := max(1, ψ(x)). (67)

Indeed, (a+ 1)2 ≤ 2a2 + 2 and, for n, d ≥ 1 and 0 < ϵ0 ≤ 1,

log(8n/δ0) = log(8nd3/ϵ20) ≤ 3(1 + log(nd/ϵ0)).

Substituting the definition of τ0 gives τ21 ≤ 12ψ(x)(1 + log(nd/ϵ0)) + 2, which is bounded by the
right side of Eq. (67) because ψ+ ≥ 1.

Lemma 5.4 (Tube probability). For h ∼ N(0, Q) with Q ⪯ I, Pr[h ∈ K0] ≥ 1− δ0.

Proof. Write h = Q1/2ξ, ξ standard. The map ξ 7→ ∥Q1/2ξ∥ is 1-Lipschitz with mean at most
(E[∥Q1/2ξ∥2])1/2 = (tr[Q])1/2 ≤

√
d. Thus Lemma 3.15, with t =

√
2 log(2/δ0), gives Pr[∥h∥ >

R0] ≤ e−t2/2 = δ0/2.
For the spectral part, to apply Lemma 3.16, let B̂i :=

∑
a(Q

1/2)aiĀa. Then Ā(h) =
∑

i ξiB̂i is
a Gaussian matrix series whose variance statistic is

∑

i

B̂2
i =

∑

a,b

Qab ĀaĀb = V ∗ (Q⊗ In)V ⪯ V ∗V = Ψ(x),

where V : Rn → Rd ⊗ Rn stacks u 7→ (Āau)a. The inequality follows from Q ⊗ In ⪯ Idn by
congruence with V . Hence σ2 ≤ ψ(x), and Lemma 3.16 with t = τ0 gives Pr[∥Ā(h)∥op > τ0] ≤
2n e−τ

2
0 /2ψ = 2n · δ0/(8n) ≤ δ0/2. A union bound with the norm estimate completes the proof.

Lemma 5.5 (Collar). Every g ∈ K+
0 satisfies ∥g∥ ≤ R1 and ∥Ā(g)∥op ≤ τ1.

Proof. Write g = g0 + e with g0 ∈ K0, ∥e∥ ≤ 1. Then ∥Ā(e)∥op ≤ ∥Ā(e)∥F = ∥e∥ ≤ 1 by frame
orthonormality Eq. (59).

We will choose ρ (equivalently κ = r2/ρ2) so that, in particular,

η τ1 ≤ 1
64 (recall η = ρ/

√
d); (68)

this is implied by the final choice Eq. (74) with room to spare. On the collar this makes every
endpoint quantity uniformly comparable to its base value—with no bootstrap: the metric is closed-
form, so stability is immediate.

Lemma 5.6 (Stability on the collar). Assume Eq. (68) and let g ∈ K+
0 , t ∈ [0, 1], ∆ = ∆(tg),

R = R(tg). Then:
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(i) ∥∆∥op ≤ ητ1 ≤ 1
64 ; the segment [x, x + ηg] lies in K◦; R ≻ 0 with 64

65I ⪯ R ⪯ 64
63I, so

∥R∥op ≤ 64
63 and ∥R∥4op ≤ 13

12 .

(ii) The eigenvalues of H(x+ tηg) lie in [(6465)
2, (6463)

2] ⊆ [e−1/16, e1/16].

(iii) ∥Ē∥op ≤ 3 ητ1 and ∥Ē∥F ≤ 3 ητ1
√
d = 3ρτ1, where Ē = H(x+ ηg)− I.

Proof. (i) ∥∆∥op = tη∥Ā(g)∥op ≤ ητ1 by Lemma 5.5; feasibility and the bounds on R = (I +∆)−1

follow from ∥∆∥op ≤ 1
64 .

(ii) For any u, u⊤H(yt)u = ∥R1/2Ā(u)R1/2∥2F ∈ [λmin(R)
2, λmax(R)

2] · ∥u∥2 using Eq. (62) and
Eq. (59).

(iii) By Eq. (62), |u⊤Ēv| ≤ | tr[∆RĀ(u)RĀ(v)]|+ | tr[∆RĀ(v)Ā(u)]|. For the first term, | tr[∆ ·
RĀ(u) · RĀ(v)]| ≤ ∥∆∥op ∥RĀ(u)RĀ(v)∥S1 ≤ ∥∆∥op∥R∥2op∥Ā(u)∥F ∥Ā(v)∥F ; the second is bounded
the same way with one fewer R. With ∥Ā(u)∥F = ∥u∥ this gives ∥Ē∥op ≤ ∥∆∥op(∥R∥2op + ∥R∥op) ≤
3∥∆∥op. For the Frobenius bound, fix a and apply the frame projection inequality

∑
b⟨M, Āb⟩2F ≤

∥M∥2F (valid for anyM ∈ Sn since {Āb} is orthonormal; replaceM by its symmetric part, which the
inner products only see) to each of the two terms of Ēab: for the first, cyclicity gives tr[∆RĀaRĀb] =
⟨Āb,∆RĀaR⟩F with Ma = ∆RĀaR satisfying ∥Ma∥F ≤ ∥∆∥op∥R∥2op, so

∑
ab(tr[∆RĀaRĀb])

2 ≤
∥∆∥2op∥R∥4opd; for the second, fixing b and summing over a withM ′

b = ∆RĀb, ∥M ′
b∥F ≤ ∥∆∥op∥R∥op,

gives
∑

ab(tr[∆RĀbĀa])
2 ≤ ∥∆∥2op∥R∥2opd. Hence ∥Ē∥2F ≤ 2∥∆∥2op(∥R∥4op+∥R∥2op) d ≤ 9 ∥∆∥2opd.

Lemma 5.7 (Determinant remainder). Assume Eq. (68) and g ∈ K+
0 . With E = Q1/2ĒQ1/2 as in

Lemma 5.3, every eigenvalue of I + E lies in [e−1/16, e1/16], and

| log det(I + E)− tr[E]| ≤ ∥E∥2F ≤ ∥Ē∥2F ≤ 9 ρ2τ21 .

Proof. Put
a := min{1, λmin(H(y))}, b := max{1, λmax(H(y))}.

The definitions give aI ⪯ H(y) ⪯ bI and also aC ⪯ C ⪯ bC, because a ≤ 1 ≤ b and C ⪰ 0. Adding
the corresponding inequalities gives

a(I + C) ⪯ C +H(y) ⪯ b(I + C).

Congruence by Q1/2 = (I + C)−1/2 shows aI ⪯ I + E ⪯ bI; no commutativity between C and
H(y) is used. By Lemma 5.6(ii), [a, b] ⊆ [e−1/16, e1/16]. On that interval | log(1 + µ) − µ| ≤ µ2

for the eigenvalues µ of E (indeed | log(1 + µ) − µ| ≤ µ2

2(1−|µ|) ≤ µ2 for |µ| ≤ 1
2), and summing

over eigenvalues gives the first inequality. Finally, two-sided Frobenius submultiplicativity gives
∥E∥F = ∥Q1/2ĒQ1/2∥F ≤ ∥Q1/2∥2op∥Ē∥F ≤ ∥Ē∥F , and Lemma 5.6(iii) concludes.

5.4 The Stein mean bound

This section bounds the mean of the centered fluctuation Z =
∑

ab(hahb − Qab)Ēab(h) from
Lemma 5.3. Throughout, Eq. (68) is in force, χ is the cutoff of Lemma 3.13 for the tube K0,
and ψ = ψ(x), Ψ = Ψ(x).

The heart of the argument is the following deterministic estimate, which will absorb every
second-derivative term produced by the Stein identity.

Lemma 5.8 (Paired four-trace bound). Let R ∈ Sn with 0 ≺ R and ∥R∥op ≤ 64
63 , and let {B̂i}Ni=1 ⊂

Sn satisfy
∑

i B̂
2
i ⪯ Ψ. For each pair (i, j) let w(i, j) = (w1, w2, w3, w4) be any word consisting of
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two copies of B̂i and two copies of B̂j, and set Fij := tr[Rw1Rw2Rw3Rw4]. Then

N∑

i,j=1

|Fij | ≤ ∥R∥4op tr[Ψ2] ≤ 13
12 ψ d.

Proof. Insert R = R1/2R1/2 around each letter and use cyclicity: Fij = tr[Ñw1Ñw2Ñw3Ñw4 ] with

Ñi := R1/2B̂iR
1/2 ∈ Sn. Up to cyclic rotation there are only two arrangements of the multiset

{Ñi, Ñi, Ñj , Ñj}:
adjacent: tr[Ñ2

i Ñ
2
j ] ≥ 0,

alternating: | tr[ÑiÑjÑiÑj ]| ≤ ∥ÑiÑj∥2F = tr[Ñ2
i Ñ

2
j ],

The adjacent identity is tr[Ñ2
i Ñ

2
j ] = ∥ÑiÑj∥2F , while the alternating bound is Frobenius Cauchy–

Schwarz applied to ÑiÑj and its transpose.

Hence in either case |Fij | ≤ tr[Ñ2
i Ñ

2
j ]. Set Ψ̂ :=

∑
i Ñ

2
i = R1/2(

∑
i B̂iRB̂i)R

1/2.

∑

ij

tr[Ñ2
i Ñ

2
j ] = tr[(

∑
i Ñ

2
i )

2] = tr[Ψ̂2].

By Lemma 3.11(ii),
∑

i B̂iRB̂i ⪯ ∥R∥op
∑

i B̂
2
i ⪯ ∥R∥opΨ, so 0 ⪯ Ψ̂ ⪯ ∥R∥op R1/2ΨR1/2, and by

Lemma 3.11(i) then (iii),

tr[Ψ̂2] ≤ ∥R∥2op tr[(R1/2ΨR1/2)2] = ∥R∥2op ∥R1/2ΨR1/2∥2F ≤ ∥R∥4op ∥Ψ∥2F = ∥R∥4op tr[Ψ2].

Here the first inequality is Loewner monotonicity of tr[X2] for positive-semidefinite matrices, and
the second is two-sided Frobenius submultiplicativity; the equalities use ∥M∥2F = tr[M2] for sym-
metric M .

Finally tr[Ψ2] ≤ ∥Ψ∥op tr[Ψ] = ψd by Lemma 3.11(ii) and Lemma 3.10, and (6463)
4 ≤ 13

12 .

Lemma 5.9 (Stein integrand bound). For every h in the collar K+
0 ,

|
∑

a,b,c,e

QacQbe ∂e∂cĒab(h)| ≤ 7 η2 ψ d = 7 ρ2 ψ. (69)

Proof. Diagonalize Q =
∑

i λiqiq
⊤
i with λi ∈ [0, 1], {qi} orthonormal, and set B̂i :=

√
λi Ā(qi).

Then ∑

i

B̂2
i =

∑

i

λiĀ(qi)
2 ⪯

∑

i

Ā(qi)
2 = Ψ

by 0 ≤ λi ≤ 1 and frame independence (Lemma 3.10) applied to the orthonormal basis {qi}.
Now contract Eq. (65): in each of the six words the letters a, c appear once each and b, e once

each, so the contraction by QacQbe replaces the pair {a, c} by two copies of B̂i (summed over i)
and the pair {b, e} by two copies of B̂j (summed over j), preserving each letter’s slot. Each of the

six words therefore contributes
∑

ij Fij for some fixed word arrangement of (B̂i, B̂i, B̂j , B̂j), and

Lemma 5.8 (with ∥R∥op ≤ 64
63 from Lemma 5.6(i)) bounds each contribution by 13

12ψd. Multiplying
by the prefactor η2 and by 6 · 1312 ≤ 7 gives Eq. (69).

Apply Lemma 3.12 to F = Ēabχ and sum over (a, b). This is valid because Ēab is smooth on
an open neighborhood of the compact K+

0 (the resolvent exists there by Lemma 5.6(i)), while χ is
W 2,∞ and supported in K+

0 , so the product extends by zero:

E[Zχ] = E[χ ·∑abceQacQbe∂e∂cĒab]︸ ︷︷ ︸
main

+2E[
∑

beQbe∂eχ ·Gb] + E[⟨QĒQ, D2χ⟩F ]︸ ︷︷ ︸
collar terms

, (70)
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where Gb :=
∑

acQac∂cĒab and we used the symmetry of Ē and of the two cross terms.

Lemma 5.10 (First-derivative contraction). On K+
0 , with B̂i as above and Y :=

∑
i B̂iRB̂i,

Gb = −2η ⟨Āb, RY R⟩F ,
0 ⪯ Y ⪯ ∥R∥opΨ, tr[Y ] ≤ ∥R∥op d,

(
∑

b

G2
b)

1/2 ≤ 3 η
√
ψd = 3ρ

√
ψ.

Proof. Contract Eq. (64) with Qac: in both three-letter words the letters a and c occupy the two
slots preceding Āb, so after the eigen-substitution both words equal

∑
i tr[RB̂iRB̂iRĀb]. A cyclic

shift gives
tr[RB̂iRB̂iRĀb] = ⟨Āb,RB̂iRB̂iR⟩F ,

and summing over i yields the stated formula. The bounds on Y are Lemma 3.11(ii) with
∑

i B̂
2
i ⪯ Ψ

and tr[Ψ] = d. Finally, the frame projection inequality gives

∑

b

G2
b ≤ 4η2∥RY R∥2F ≤ 4η2∥R∥4op∥Y ∥2F .

Since Y ⪰ 0, Lemma 3.11 gives

∥Y ∥2F = tr[Y 2] ≤ ∥Y ∥op tr[Y ] ≤ ∥R∥2opψd,

where the last inequality uses the preceding bounds on Y .
Hence (

∑
bG

2
b)

1/2 ≤ 2η∥R∥3op
√
ψd ≤ 3η

√
ψd.

Lemma 5.11 (Mean bound). Assume Eq. (68). Then

|E[Zχ]| ≤ 7ρ2ψ + δ0 (72ρ
√
ψ + 3C0ρτ1

√
d) ≤ 7ρ2ψ + ϵ0.

Proof. The main term of Eq. (70) is bounded pointwise by Lemma 5.9 (and 0 ≤ χ ≤ 1), giving
7ρ2ψ. The collar terms have integrands supported on K+

0 \ K0, an event of probability at most δ0
by Lemma 5.4, and are bounded uniformly there: by Lemmas 3.13 and 5.10, |2∑beQbe∂eχGb| ≤
2∥∇χ∥ (∑bG

2
b)

1/2 ≤ 72ρ
√
ψ; and by Lemma 5.6(iii), |⟨QĒQ,D2χ⟩F | ≤ ∥D2χ∥op ∥QĒQ∥S1 ≤

C0

√
d ∥Ē∥F ≤ 3C0ρτ1

√
d. Multiplying these uniform bounds by δ0 and using

√
ψ ≤ τ1, the small-

ness assumption gives both ρ
√
ψ ≤

√
d/64 and ρτ1

√
d ≤ d/64. With δ0 = ϵ20d

−3, the two collar
contributions are at most

72

64
ϵ20d

−5/2 and
3C0

64
ϵ20d

−2.

Their sum is at most ϵ0 by the universal choice of ϵ0 in Section 5.5.

5.5 Fluctuation bound, parameter choice, and the acceptance theorem

Lemma 5.12 (Gradient of Z). Assume Eq. (68). For h in a neighborhood of K0,

∇Z(h) = 2 Ē(h)h+W (h), Wc(h) = −2η ⟨Āc, R[Ā(h)R Ā(h)− Y ]R⟩F , (71)

with Y =
∑

i B̂iRB̂i as in Lemma 5.10, and on K0,

∥∇Z∥ ≤ 9ρ τ1M0 + 3ρ
√
ψ ≤ 12 ρ τ1M0 =: ΛZ . (72)

Consequently Z is ΛZ-Lipschitz on the convex set K0.

40



Proof. Differentiating Z =
∑

ab(hahb − Qab)Ēab gives two contributions. By symmetry of Ē, the
product-rule term from hahb is 2(Ēh)c, while the term from Ēab isWc =

∑
ab(hahb−Qab)∂cĒab. For

the h-part, contract Eq. (64) with hahb: both three-letter words become tr[RĀ(h)RĀ(h)RĀc] after a
cyclic shift (exactly as in Lemma 5.10 with B̂i replaced by Ā(h)), giving −2η⟨Āc,RĀ(h)RĀ(h)R⟩F ;
the Q-part is −Gc = +2η⟨Āc,RY R⟩F by Lemma 5.10. This is Eq. (71).

For the norm bound, the frame projection inequality, Lemma 3.11(iii), the estimates ∥Ā(h)∥op ≤
τ0 and ∥Ā(h)∥F = ∥h∥ ≤ R0, and the bounds on Y from Lemma 5.10 give

∥W∥ ≤ 2η∥R∥2op(∥Ā(h)RĀ(h)∥F + ∥Y ∥F )
≤ 2η∥R∥3op(τ0R0 +

√
ψd)

≤ 3η(τ1R1 +
√
ψd).

The first inequality also uses the triangle inequality, the second uses Frobenius submultiplicativity,
and the last uses ∥R∥op ≤ 64/63, τ0 ≤ τ1, and R0 ≤ R1.

Also, ∥2Ēh∥ ≤ 2∥Ē∥op∥h∥ ≤ 6ητ1R1 by Lemma 5.6(iii). Since ηR1 = ρM0 and η
√
ψd = ρ

√
ψ,

the first bound in Eq. (72) follows; the second uses
√
ψ ≤ τ0 ≤ τ1 (from τ20 = 2ψ log(8n/δ0) ≥ ψ)

and M0 ≥ 1. A gradient bound on a convex set is a Lipschitz bound.

Lemma 5.13 (Uniform size on the collar). On K+
0 , |Z| ≤ 3ρτ1

√
d (M2

0 + 1) ≤ 6ρτ1
√
dM2

0 =: SZ .

Proof. Lemma 5.6(iii), together with the operator-norm and trace-duality bounds, gives

|h⊤Ēh| ≤ ∥Ē∥op∥h∥2 ≤ 3ητ1R
2
1 = 3ρτ1

√
dM2

0 ,

| tr[QĒ]| ≤ ∥Q∥op∥Ē∥S1 ≤
√
d ∥Ē∥F ≤ 3ρτ1

√
d.

In the first line we used Lemma 5.6(iii) and ηR2
1 = ρ

√
dM2

0 ; in the second we used ∥Ē∥S1 ≤√
d ∥Ē∥F , ∥Q∥op ≤ 1, and again Lemma 5.6(iii).

Lemma 5.14 (Fluctuation bound). Assume Eq. (68). With probability at least 1 − δ0 − ϵ0 over
h ∼ N(0, Q),

|Z| ≤ 7ρ2ψ + ΛZ
√

2 log(2/ϵ0) + ϵ0 + 40 ρτ1M
2
0

√
d
√
δ0. (73)

Proof. Let Z̃ be the McShane extension (Lemma 3.14) of Z|K0 with constant ΛZ . Since Z̃ = Zχ = Z
on K0 and Pr[h /∈ K0] ≤ δ0, the triangle inequality and Cauchy–Schwarz give

|E[Z̃]− E[Zχ]| ≤ E[(|Z̃|+ |Zχ|)1h/∈K0
] ≤ (E[(|Z̃|+ |Zχ|)2])1/2

√
δ0.

On all of Rd, |Z̃(h)| ≤ SZ + ΛZ(∥h∥ + R0) (Lipschitz from any point of K0) and |Zχ| ≤
SZ (support in K+

0 plus Lemma 5.13). Minkowski’s inequality and E[∥h∥2] ≤ d therefore give

|E[Z̃] − E[Zχ]| ≤ (2SZ + ΛZR0 + ΛZ
√
d)
√
δ0 ≤ 36ρτ1M

2
0

√
d
√
δ0, where R0 ≤ R1 = M0

√
d and

M0 ≥ 1. Relaxing 36 to 40 and combining with Lemma 5.11, |E[Z̃]| ≤ 7ρ2ψ+ ϵ0+40ρτ1M
2
0

√
d
√
δ0.

The map ξ 7→ Z̃(Q1/2ξ) is ΛZ-Lipschitz because ∥Q1/2∥op ≤ 1. Therefore the two-sided form

of Lemma 3.15 gives Pr[|Z̃ − E[Z̃]| > ΛZ
√

2 log(2/ϵ0)] ≤ ϵ0. On the intersection of the Gaussian-
deviation event

CZ := {|Z̃ − E[Z̃]| ≤ ΛZ
√
2 log(2/ϵ0)}

with the tube event T := {h ∈ K0}, we have Z = Z̃ and Eq. (73). Here Pr[CcZ ] ≤ ϵ0 and Pr[T c] ≤ δ0.
Both events are defined under the same Gaussian law, so a direct union bound gives the stated
probability.
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Fix once and for all a sufficiently small universal r ∈ (0, 1] and the universal failure level

ϵ0 := min{ 1
40
,

32

72 + 3C0
},

where C0 is the cutoff constant in Lemma 3.13, and set

ρ :=
1

Γ0M0

√
ψ+
∗ (1 + log(nd/ϵ0))

, κ :=
r2

ρ2
= Γ2

0 r
2M2

0 ψ
+
∗ (1 + log(nd/ϵ0))

2, (74)

for a sufficiently large universal constant Γ0. Enlarge Γ0 if necessary so that κ ≥ 1. Then κ =
Õ(ψ+

∗ ), and using Eq. (67) together with ψ ≤ ψ+
∗ :

• ητ1 = ρτ1/
√
d ≤ 4/(Γ0

√
d) ≤ 1

64 , so Eq. (68) holds;

• 7ρ2ψ ≤ 7/Γ2
0 and 9ρ2τ21 ≤ 405/Γ2

0 (Lemma 5.7);

• ΛZ
√

2 log(2/ϵ0) = 12ρτ1M0

√
2 log(2/ϵ0) ≤ C/Γ0, and 40ρτ1M

2
0

√
d
√
δ0 ≤ Cϵ0/Γ0.

Taking Γ0 large enough (universally, since ϵ0 is fixed) makes each displayed quantity at most 1
10 ;

we assume this henceforth.

Lemma 5.15 (Uniform lower tail for the complete ratio). With the choice Eq. (74) there are
universal constants Cacc <∞ and ϵ ≤ 1

10 such that, uniformly at every deterministic x ∈ K◦,

Pr
Y∼qx

[Y ∈ K◦ and logRx(Y ) ≥ −Cacc] ≥ 1− ϵ. (75)

The constants are independent of x, n, d, L,R and of the orientation of the regularizer.

Proof. Work in normalized coordinates (the ratio is invariant, Section 5.2) and write the proposal
as Y = x + ηh, h = Q1/2ξ. Intersect three events: the tube event T = {h ∈ K0} (Lemma 5.4;
failure at most δ0), the Gaussian-deviation event CZ defined in the proof of Lemma 5.14 (failure at
most ϵ0), and the norm event {∥ξ∥ ≤

√
d +

√
2 log(1/ϵ0)} (probability ≥ 1 − ϵ0 by the one-sided

form of Lemma 3.15, since ξ 7→ ∥ξ∥ is 1-Lipschitz and E[∥ξ∥] ≤
√
d). The total failure probability

is at most ϵ := ϵ20 + 2ϵ0 ≤ 1
10 , since δ0 = ϵ20d

−3 ≤ ϵ20.
Feasibility. On the tube event ∥∆(h)∥op ≤ ητ0 < 1, so Y ∈ K◦ and the whole segment is interior

(Lemma 5.2).

Proposal ratio. By Lemma 5.3, log qY (x)
qx(Y ) =

1
2{log det(I+E)−tr[E]}− 1

2Z, and on the intersected

event Lemma 5.7 and Lemma 5.14 with the parameter choice give | log det(I+E)− tr[E]| ≤ 1
10 and

|Z| ≤ 4
10 , so the proposal log-ratio is at least −1

2 .
Target ratio. If L = 0, then f is constant on the convex body K, and the target log-ratio is zero.

If L > 0, then in the original coordinates G(x) ⪰ L2I, so ∥Y −x∥2 ≤ L−1∥Y −x∥G(x) = L−1 r√
d
∥ξ∥.

On the norm event, Lipschitzness and the proposal representation give

f(Y )− f(x) ≤ L∥Y − x∥2 ≤
r√
d
(
√
d+

√
2 log(1/ϵ0)) ≤ Cϵ0r, Cϵ0 := 1 +

√
2 log(1/ϵ0).

Hence logRx(Y ) ≥ −Cϵ0r − 1
2 ≥ −Cacc with Cacc := Cϵ0r + 1, a universal constant because ϵ0

is fixed.

Remark 5.16. Eq. (75) holds at every interior point with no dependence on the distance to ∂K:
the analysis is affine-invariant and uses only C ⪰ 0. No boundary-layer or s-conductance device
will be needed.
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5.6 From acceptance to mixing

We now return to the original coordinates and follow the geometric half of the polytope argument,
using the cross-ratio and Cheeger lemmas of Section 3.7.

Lemma 5.17 (Operator self-concordance). For all z ∈ K◦ and u ∈ Rd,

∥H(z)−1/2DH(z)[u]H(z)−1/2∥op ≤ 2 ∥u∥H(z), (76)

and the same holds for G = κH +L2I in the G-norms. Consequently Lemma 3.17 applies to G: if
∆ := ∥x− z∥G(x) < 1 then (1−∆)2G(x) ⪯ G(z) ⪯ (1−∆)−2G(x).

Proof. Normalize at z as in Section 5.2, so H(z) = I and directions v correspond to Ā(v) with
∥Ā(v)∥F = ∥v∥. Since H = ∇2ϕ with ϕ = − log detS, v⊤DH(z)[u] v = D3ϕ(z)[u, v, v] =
−2 tr[Ā(u)Ā(v)2] in these coordinates. The PSD trace bound and the normalized-coordinate isom-
etry give

| tr[Ā(u)Ā(v)2]| ≤ ∥Ā(u)∥op tr[Ā(v)2] ≤ ∥Ā(u)∥F ∥Ā(v)∥2F = ∥u∥ ∥v∥2,
Indeed, Lemma 3.11(ii) applies with M = Ā(v)2, while ∥Ā(u)∥op ≤ ∥Ā(u)∥F and tr[Ā(v)2] =
∥Ā(v)∥2F .

Taking the supremum over unit v gives Eq. (76). For G, scaling by κ ≥ 1 preserves the inequality

(the left side is scale-invariant, the right side grows), and with Hκ := κH, C := H
1/2
κ G−1/2

(∥C∥op ≤ 1 since Hκ ⪯ G), X := H
−1/2
κ DHκ[u]H

−1/2
κ , we have

∥G−1/2DG[u]G−1/2∥op = ∥C⊤XC∥op ≤ ∥X∥op ≤ 2∥u∥Hκ ≤ 2∥u∥G,

Here the equality uses DG = DHκ and the definitions of C and X; the inequalities use ∥C∥op ≤ 1,
self-concordance of Hκ, and Hκ ⪯ G, respectively.

The distortion conclusion is the elementary ODE lemma Lemma 3.17; its domain hypothesis
holds because the segment [x, z] lies in the convex K◦.

Lemma 5.18 (Pinsker’s inequality). For probability densities p, q,

dTV(p, q) ≤
√
DKL(p∥q)/2.

Proof. Let A = {p ≥ q}, a =
∫
A p, and b =

∫
A q. Then a− b = dTV(p, q). Jensen’s inequality on A

and Ac (equivalently, the two-term log-sum inequality) gives

DKL(p∥q) ≥ a log
a

b
+ (1− a) log 1− a

1− b =: DBer(a∥b).

For fixed b ∈ (0, 1), the second derivative in a of DBer(a∥b)− 2(a− b)2 is 1/[a(1− a)]− 4 ≥ 0,
and the function and its first derivative vanish at a = b. Hence DBer(a∥b) ≥ 2(a− b)2; the endpoint
cases follow by limits. Thus DKL(p∥q) ≥ 2dTV(p, q)

2.

Lemma 5.19 (Proposal overlap). There is a universal cloc > 0 such that, with r ≤ 1,

∥x− z∥G(x) ≤
cloc r√
d

=⇒ dTV(qx, qz) ≤ δq := 1
2 . (77)
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Proof. Write ∆ = ∥x − z∥G(x) ≤ 1
2 . The exact KL divergence between the Gaussians qx =

N(x, r
2

d G(x)
−1) and qz = N(z, r

2

d G(z)
−1) is

DKL(qx∥qz) =
1

2
[
d∑

j=1

(λj − 1− log λj) +
d

r2
∥x− z∥2G(z)],

with λj the eigenvalues of G(x)−1/2G(z)G(x)−1/2. This formula follows by integrating the log-
density ratio: the centered quadratic term gives the trace of the relative covariance, the mean
displacement gives d∥x−z∥2G(z)/r

2, and the normalizers give the log determinant. By Lemma 5.17,

λj ∈ [(1−∆)2, (1−∆)−2], so λj−1− log λj ≤ C∆2 per eigenvalue and ∥x−z∥2G(z) ≤ (1−∆)−2∆2 ≤
4∆2. With ∆ ≤ clocr/

√
d and r ≤ 1, DKL ≤ C(d∆2 + d∆2/r2) ≤ C ′c2loc, and the locally proved

Pinsker inequality Lemma 5.18 gives dTV ≤
√
DKL/2 and hence Eq. (77) for small cloc.

Lemma 5.20 (Kernel overlap). Suppose Eq. (75) holds at x and z and dTV(qx, qz) ≤ δq = 1
2 . Then

the 1
2 -lazy kernels satisfy

dTV(Px, Pz) ≤ 1− γ0
2
, γ0 := e−Cacc(1− δq − 2ϵ) ≥ e−Cacc · 3

10 > 0.

Proof. Let Ex := {u ∈ K◦ : Rx(u) ≥ e−Cacc} and likewise Ez; by Lemma 5.15, qx(E
c
x) ≤ ϵ and

qz(E
c
z) ≤ ϵ. The moving part of the non-lazy kernel at x has density u 7→ qx(u)(1 ∧ Rx(u)) on K.

On Ex ∩ Ez, both acceptance ratios are at least e−Cacc , while min{qx, qz} has total mass at least
1− δq and loses at most ϵ on each of Ecx and Ecz. Hence the two moving parts have common mass
at least

e−Cacc

∫

Ex∩Ez

min{qx, qz} du ≥ e−Cacc(1− δq − ϵ− ϵ) = γ0,

Laziness retains half the common moving mass, and dTV ≤ 1− (overlap). Finally 1− δq − 2ϵ ≥
1− 1

2 − 2
10 = 3

10 .

Definition 5.21 (Chord cross ratio). For distinct x, z ∈ K◦, let their line meet ∂K in the order
p∂ , x, z, q∂ and put α = ∥x − p∂∥, β = ∥z − x∥, γ = ∥q∂ − z∥ (Euclidean). Then σ(x, z) :=
β(α+ β + γ)/(αγ).

Lemma 5.22 (Symmetry). Write DM (x, t) = {z : ∥z − x∥M(x) ≤ t}. Then, for every x ∈ K◦,

DG(x, 1) ⊆ K ∩ (2x−K) ⊆ DG(x,
√
νG), νG := κn+ 4L2R2.

Proof. Work at x in normalized coordinates, where ∥z − x∥H(x) = ∥∆∥F for ∆ := the normalized
block displacement of z, and z ∈ K∩ (2x−K) iff I±∆ ⪰ 0 iff ∥∆∥op ≤ 1. Inner: if ∥z−x∥G(x) ≤ 1

then, since G ⪰ κH and κ ≥ 1, ∥∆∥F ≤ κ−1/2 ≤ 1, hence ∥∆∥op ≤ 1. Outer: if ∥∆∥op ≤ 1 then
∥z − x∥2κH(x) = κ∥∆∥2F ≤ κn ∥∆∥2op ≤ κn, and L2∥z − x∥22 ≤ 4L2R2 because K ⊆ B2(0, R) has
diameter 2R. Adding these two bounds proves the outer inclusion.

Lemma 5.23 (Cross ratio dominates the local norm). For all distinct x, z ∈ K◦, σ(x, z) ≥ ∥x −
z∥G(x)/

√
νG.

Proof. Let e = (z − x)/β. The radius of the symmetric body K ∩ (2x − K) at x along ±e is
t = min(α, β + γ), so x + te lies in its closure and Lemma 5.22 gives t ∥e∥G(x) ≤

√
νG. Also

σ(x, z) ≥ β/t: if t = α this is (α+β+γ)/γ ≥ 1 times β/α; if t = β+γ use (α+β+γ)(β+γ) ≥ αγ.
Hence σ ≥ β∥e∥G(x)/

√
νG = ∥z − x∥G(x)/

√
νG.
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Lemma 5.24 (Conductance). The walk of Definition 3.8 has conductance

Φ := inf
0<π(A)≤1/2

Q(A,Ac)
π(A)

≥ ciso γ0
128

ℓsep, ℓsep := min(1,
cloc r√
d νG

). (78)

Here Q(A,Ac) :=
∫
A Px(A

c)π(dx) is stationary flow.

Proof. Fix measurable A with 0 < π(A) ≤ 1
2 and put b0 := γ0/8,

A1 = {x ∈ A : Px(A
c) ≤ b0}, A2 = {z ∈ Ac : Pz(A) ≤ b0}, A3 = K \ (A1 ∪A2).

Since π(∂K) = 0, from now on intersect A1, A2 with K◦ and absorb ∂K into A3; this changes
neither mass nor stationary flow and makes every pair below an interior pair. For x ∈ A1, z ∈ A2:
dTV(Px, Pz) ≥ Pz(A

c) − Px(Ac) ≥ 1 − 2b0 > 1 − γ0/2, so by Lemmas 5.20 and 5.19 the pair must
violate the closeness condition: ∥x − z∥G(x) > clocr/

√
d, whence σ(x, z) ≥ ℓsep by Lemma 5.23.

Let B1 = A \ A1, B2 = Ac \ A2, so A3 = B1∪̇B2; reversibility gives Q(A,Ac) ≥ b0π(B1) and
Q(A,Ac) = Q(Ac, A) ≥ b0π(B2) for the stationary flow Q.

If π(A1) < π(A)/2 or π(A2) < π(Ac)/2, then π(B1) ≥ π(A)/2 or π(B2) ≥ π(Ac)/2 ≥ π(A)/2,
and Q(A,Ac)/π(A) ≥ b0/2. Otherwise π(A1) ≥ π(A)/2 and π(A2) ≥ 1

4 ; π is log-concave (f convex)
on the convex body K, so all hypotheses of the cross-ratio isoperimetry result in Lemma 3.18 hold.
Applying it to (A1, A2, A3) with certified separation ℓsep ≤ 1 gives π(A3) ≥ cisoℓsep π(A1)π(A2) ≥
cisoℓsep

8 π(A), and 2Q(A,Ac) ≥ b0π(A3) yieldsQ(A,Ac)/π(A) ≥ b0cisoℓsep/16. Both cases are covered
by Eq. (78).

5.7 A worst-case acceptance obstruction: the arrow spectrahedron

For a fixed universal proposal radius, uniform constant acceptance can require κ = Ω(ψ(x)). The
arrow instance below has ψ(0) = Θ(ψ+

∗ ) = Θ(d), so it matches the theorem’s κ = Õ(ψ+
∗ ) choice up

to polylogarithmic factors:

n = d+ 1, A0 = In, Aa =
1√
2
(e1e

⊤
a+1 + ea+1e

⊤
1 ) (a = 1, . . . , d).

Indeed,

S(x) =

(
1 x⊤/

√
2

x/
√
2 Id

)
.

For x ̸= 0, its restriction to the span of e1 and (0, x/∥x∥) is the 2 × 2 matrix with diagonal
entries 1 and off-diagonal entries ∥x∥/

√
2; on the orthogonal complement it is the identity. Thus

its eigenvalues are 1±∥x∥/
√
2 and 1 (with multiplicity d− 1). Consequently K = {x : ∥x∥ ≤

√
2},

detS(x) = 1− ∥x∥2/2, and S(x) ⪰ 0 iff ∥x∥ ≤
√
2. Moreover

A2
a =

1
2(e1e

⊤
1 + ea+1e

⊤
a+1), ⟨Aa, Ab⟩F = δab.

Hence the frame is already Frobenius-orthonormal at x = 0 and H(0) = I, while summing the
displayed squares gives

Ψ(0) =
∑

a

A2
a =

d
2 e1e

⊤
1 + 1

2

d∑

a=1

ea+1e
⊤
a+1, ψ(0) =

d

2
.
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Lemma 5.25 (Acceptance collapse for the unscaled walk). Consider the walk of Definition 3.8 on
the arrow instance with f ≡ 0, L = 0, and unit scale κ = 1, started at x = 0. There are universal
constants r0 > 0, c > 0, and d0 such that for all r ≤ r0 and d ≥ d0, the probability that the proposed
step is accepted is at most

e−dr
2/10 + 2e−cd.

Consequently, constant acceptance requires r ≲ d−1/2 ≍ ψ(0)−1/2: the ψ-scaling of Eq. (74) is
necessary up to logarithmic factors.

Proof. At x = 0 the metric is H(0) = I and the proposal is Y ∼ N(0, r
2

d I); with f ≡ 0 the

acceptance probability of a proposal Y ∈ K◦ is 1 ∧ eΛ(Y ) with Λ = log qY (0)
q0(Y ) . Since ϕ(x) =

− log detS(x) = − log(1 − ∥x∥2/2), writing t = ∥y∥2 and differentiating first in t gives ∇ϕ(y) =
y/(1− t/2) and hence

H(y) =
I

1− t/2 +
yy⊤

(1− t/2)2 , t := ∥y∥2.

The matrix determinant lemma det(aI + b yy⊤) = ad(1 + (b/a)t) and direct multiplication by y
show that both ledger ingredients are exact functions of t:

log
detH(y)

detH(0)
= −d log(1− t

2
) + log(1 +

t

1− t/2),

d

r2
y⊤(H(y)− I)y =

d

r2
[

t

1− t/2 +
t2

(1− t/2)2 − t] =
d

r2
[
t2/2

1− t/2 +
t2

(1− t/2)2 ].

Thus Λ = 1
2 log

detH(y)
detH(0) − d

2r2
[·]. For 0 ≤ t ≤ 1

2 , the inequalities − log(1 − u) ≤ u + u2 on [0, 14 ]

and log(1 + v) ≤ v, together with 1
1−t/2 ≤ 4

3 , give

Λ ≤ d

2
(
t

2
+
t2

4
) +

t

1− t/2 −
d

2r2
· 3t

2

2
≤ dt

4
+
dt2

8
+ 2t− 3d t2

4r2
.

Let A := {34r2 ≤ t ≤ 5
4r

2}. On A (and with r ≤ r0 small enough that t ≤ 5
4r

2
0 ≤ 1

2), the upper
endpoints in the positive terms and the lower endpoint in the negative term give

Λ ≤ dr2(
5

16
+

25r2

128
− 3

4
· 9
16

) +
5r2

2
= dr2(

5

16
− 27

64
+O(r2)) +

5r2

2
≤ −dr

2

10
.

Here 5/16 − 27/64 = −7/64, so the last inequality holds for universal r ≤ r0 and d ≥ d0, after
absorbing the additive 5

2r
2.

Since t = r2

d ∥ξ∥2 for standard ξ, the needed chi-square estimate follows directly from E[eλ∥ξ∥2 ] =
(1− 2λ)−d/2: Chernoff’s bound with λ = 1/10 for the upper tail and λ = −1/10 for the lower tail
gives

Pr[∥ξ∥2 ≥ 5d/4] ≤ e−d(1/8+ 1
2
log(4/5)), Pr[∥ξ∥2 ≤ 3d/4] ≤ e−d( 12 log(6/5)−3/40).

Both constants in parentheses are positive, so for a universal c > 0, Pr[Ac] = Pr[|∥ξ∥2/d − 1| >
1
4 ] ≤ 2e−cd.

Splitting the expectation over A and Ac now gives

E[1 ∧ eΛ] ≤ Pr[Ac] + sup
A
eΛ ≤ 2e−cd + e−dr

2/10.
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Remark 5.26 (Reading the bound). Lemma 5.25 proves a family-specific necessity statement: at
the center of the arrow instance, constant acceptance of the unscaled walk requires r ≲ ψ(0)−1/2.
Together with Lemmas 5.9 and 5.14, this matches the sufficient leverage scale up to logarithmic
factors on that family. It does not prove a pointwise “if and only if” for all spectrahedra, nor
does it prove a mixing-time lower bound. For completeness, scaling the center metric from I to κI
replaces the proposal radius in the calculation by reff = r/

√
κ. Thus, at a fixed universal r, the

same lemma forces dr2/κ = O(1), i.e. κ = Ω(d) = Ω(ψ(0)) on this family. At the other extreme,
for polytopes (ψ ≤ 1 by Lemma 3.10) and for incoherent instances (ψ = Õ(1)) alike, Theorem 5.1
reads Õ(nd)—dimension times symmetry; in the diagonal case this recovers the Kannan–Narayanan
bound [KN12]. Since ψ ≤ d always, the theorem never exceeds the generic barrier-scaling bound
Õ(d2n) (cf. [Nar16, KV24]).
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A Approximate metrics and exact-arithmetic complexity

This appendix proves the implementation guarantees in Theorem 1.3. The preceding analysis
uses exact metrics for a reason: the derivative of the exact Lewis map produces the cancellation
in Section 4.2, while the exact log-det Hessian gives the endpoint identities in Section 5.2. An
arithmetic implementation need not reproduce either metric exactly. We retain the exact walks as
reference chains and compare their Gaussian proposals with approximate-metric proposals, leaving
both ledger arguments unchanged.

The comparison has the same form in both settings. A one-sided padding makes the approximate
metric dominate its reference, while an O(1/d) relative error keeps the two Gaussian densities within
a constant factor on the acceptance event already proved above. Proposal overlap and conductance
then survive with different universal constants. For polytopes we obtain the approximation from
high-precision Lewis weights. For spectrahedra we use the TensorSRHT approximation of the log-
det Hessian from Gu et al. [GKM+24, Lemma G.12] and a two-seed Metropolis filter. We first treat
deterministic Lewis-weight approximations for polytopes; we then isolate the two-seed perturbation
argument for randomized metrics and apply it to a sketched log-det metric for spectrahedra.

We begin with the notation of the polytope proof:

H(x) = A⊤
xW

cp
x Ax, G(x) = κH(x) + L2I, ν̄LS := κn2/pd1−2/p.

Here qx, Rx, and P denote the exact proposal, ratio, and lazy kernel. For the weights we use the
iteration of Gribling–Sidford–Zhang [GSZ26], whose high-precision guarantee we now state in this
notation.
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A.1 High-precision Lewis weights

Fix 0 < εw < 1/2. At each x ∈ K◦ we compute a positive vector w̃x by a deterministic measurable
map ApproxLewisεw , with

(1− εw)wx,i ≤ w̃x,i ≤ (1 + εw)wx,i (i = 1, . . . , n). (79)

To make the proposal kernel a deterministic measurable function of the current state, we use a
fixed initialization and iteration count. Set

αLW :=
2

p− 2
, bLW := α−1

LW, b̄LW := max{1, bLW}, LLW := 32pb̄LW,

and

ε̄w :=
εw

2(1 + αLW)
, TLW := ⌈4LLW log

2n

ε̄w
⌉.

Starting from v
(0)
LW = 1, write D

(t)
LW = Diag(v

(t)
LW) and, for t = 0, . . . , TLW − 1, compute the row-

quadratic vector (obtainable from one full leverage-score-vector computation)

u
(t)
LW,i := (Ax)i,·(A

⊤
xD

(t)
LWAx)

−1(Ax)
⊤
i,·, φ

(t)
LW,i :=

(u
(t)
LW,i)

bLW

v
(t)
LW,i

,

and update

v
(t+1)
LW,i := (1 +

φ
(t)
LW,i − 1

LLW
)v

(t)
LW,i (i = 1, . . . , n). (80)

After one final computation of u
(TLW)
LW , return

w̃x,i := (u
(TLW)
LW,i )

1+bLW . (81)

The high-precision guarantee of Gribling–Sidford–Zhang proves Eq. (79). The prescribed iteration
count and all-ones initialization make the output a deterministic Borel function of Ax, hence of x.

The estimate in Eq. (79) is two-sided. We turn it into the one-sided comparison needed below
by inflating the approximate metric by its worst possible downward error.

Definition A.1 (Approximate-metric LS walk). For W̃x := Diag(w̃x), define

H̃(x) := A⊤
x W̃

cp
x Ax, H̄(x) := (1− εw)−cpH̃(x), Ḡ(x) := κH̄(x) + L2I. (82)

At x, propose

Y ∼ q̄x := N(x,
r2

d
Ḡ(x)−1).

When Y ∈ K◦, use the exact conditional Metropolis ratio

R̄x(Y ) :=
e−f(Y )q̄Y (x)

e−f(x)q̄x(Y )
.

Proposals outside K are rejected, and the chain is 1
2 -lazy. Write P̄ for the resulting lazy kernel.
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Algorithm 1 One step of the approximate-metric LS walk

Require: Current cache (x, sx, f(x), Ḡ(x), Cx, log det Ḡ(x)) with CxC
⊤
x = Ḡ(x); accuracy εw.

1: With probability 1/2, return the current cache. ▷ laziness
2: Draw ξ ∼ N(0, Id), set h← r√

d
C−⊤
x ξ, and set y ← x+ h and sy ← sx +Ah.

3: if some coordinate of sy is nonpositive then
4: return the current cache.
5: end if
6: w̃y ← ApproxLewis(Ay, p, εw).
7: Form Ḡ(y) from Eq. (82), factor it, and evaluate f(y).
8: Compute

ℓ← f(x)− f(y) + 1

2
log

det Ḡ(y)

det Ḡ(x)
− d

2r2
h⊤(Ḡ(y)− Ḡ(x))h.

9: Draw Uacc ∼ Unif(0, 1); if logUacc ≤ min{0, ℓ}, return the cache at y; otherwise return the
current cache.

The perturbation argument does not differentiate the approximate weights. It first compares
Ḡ with G pointwise and then transfers the acceptance and overlap bounds of the exact walk.

Lemma A.2 (Weight error implies metric error). Let

γw := (
1 + εw
1− εw

)cp = eθw , θw := cp log
1 + εw
1− εw

.

Then, uniformly on K◦,

H(x) ⪯ H̄(x) ⪯ γwH(x), G(x) ⪯ Ḡ(x) ⪯ γwG(x). (83)

For εw ≤ 1/2, 0 ≤ θw ≤ 4εw.

Proof. Because cp ≥ 0, the coordinatewise estimate Eq. (79) and the positive semidefiniteness of
each row outer product give

(1− εw)cpH(x) ⪯ H̃(x) ⪯ (1 + εw)
cpH(x),

so multiplication by (1− εw)−cp proves the first sandwich. Adding L2I, and using γw ≥ 1, gives

κH̄ + L2I ⪯ γwκH + L2I ⪯ γwG,

which proves the second sandwich. Finally, cp ≤ 1 and log((1+ t)/(1− t)) ≤ 4t for 0 ≤ t ≤ 1/2.

A.2 From metric approximation to mixing

The sandwich in Eq. (83) has two consequences. It makes the centered proposals close in total
variation, and it controls the change of each Gaussian density at the two endpoints of an accepted
step. The second consequence is why the accuracy scale is 1/d: a Gaussian log density contains a
determinant contribution from all d directions.

Lemma A.3 (Gaussian proposal perturbation). There is a universal Cq such that, whenever θw ≤
1,

sup
x∈K◦

dTV(qx, q̄x) ≤ Cq
√
d θw =: τw.
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Proof. Let λ1, . . . , λd ∈ [1, eθw ] be the eigenvalues ofG(x)−1/2Ḡ(x)G(x)−1/2. The centered Gaussian
KL formula gives

DKL(qx∥q̄x) =
1

2

d∑

j=1

(λj − 1− log λj) ≤ Cdθ2w,

where the inequality uses 0 ≤ λ − 1 − log λ ≤ C(log λ)2 on [1, e]. Lemma 4.26 now proves the
claim.

The density comparison is needed at both endpoints. The exact acceptance proof already
provides the required event.

Lemma A.4 (Two-endpoint reference event). There are universal constants CA, CN <∞ and the
same ϵ < 1/10 as in Lemma 4.23 such that, for every x ∈ K◦, the set

Ax := {y ∈ K◦ : logRx(y) ≥ −CA, ∥y − x∥2G(x) ≤ CNr2, ∥y − x∥2G(y) ≤ CNr2}
satisfies qx(Ax) ≥ 1− ϵ.
Proof. Intersect the tube, concentration, and Gaussian norm events from the proof of Lemma 4.23.
On this event, the proposal is feasible, logRx(Y ) ≥ −CA, and

∥Y − x∥2G(x) =
r2

d
∥ξ∥2 ≤ Cr2,

by the Gaussian proposal representation and the norm event. For the universal choice of r, this
local norm is below 1/2. Lemmas 4.25 and 3.5, applied along the feasible segment [x, Y ], give
G(Y ) ⪯ CG(x) and hence the reverse norm bound after enlarging CN .

Lemma A.5 (Acceptance survives high-precision weights). There is a universal capp > 0 such
that, if εw ≤ capp/d, then uniformly in x ∈ K◦,

Pr
Y∼q̄x

[Y ∈ K and log R̄x(Y ) ≥ −C̄A] ≥ 1− ϵ̄,

where C̄A < ∞ is a universal constant and ϵ̄ := ϵ + τw ≤ ϵ + 4Cqcapp is bounded by a universal
constant.

Proof. Reduce capp, if necessary, so that 4capp ≤ 1. Then θw ≤ 4εw ≤ 1, and eθw − 1 ≤ (e− 1)θw.
For z, u ∈ K◦, put

Ez(u) := log
q̄z(u)

qz(u)
=

1

2
log

det Ḡ(z)

detG(z)
− d

2r2
(∥u− z∥2Ḡ(z) − ∥u− z∥2G(z)).

Eq. (83) yields

|Ez(u)| ≤
dθw
2

+
d(eθw − 1)

2r2
∥u− z∥2G(z).

Consequently, for y ∈ Ax, |Ex(y)|+ |Ey(x)| ≤ Cdθw. Since
log R̄x(y) = logRx(y) + Ey(x)− Ex(y).

Lemma A.4 gives log R̄x(y) ≥ −CA − Cdθw. The condition εw ≤ capp/d makes this a universal
lower bound. Finally, Lemma A.3 gives

q̄x(Ax) ≥ qx(Ax)− τw ≥ 1− ϵ− τw.
The boundary of the full-dimensional convex body K has Lebesgue measure zero, so writing Y ∈ K
rather than Y ∈ K◦ in the statement does not change this probability.
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Lemma A.6 (Approximate proposal overlap). The constant capp can be chosen so that Eq. (49)
implies

dTV(q̄x, q̄z) ≤ δ̄q := δq + 2τw < 1− 2ϵ̄.

Proof. The triangle inequality and Lemmas 4.27 and A.3 give the displayed upper bound. The
exact proof chooses δq < 1 − 2ϵ, leaving a fixed positive margin m0 := 1 − δq − 2ϵ. Because
δ̄q + 2ϵ̄ = δq + 2ϵ+ 4τw, reducing capp so that 4τw < m0 proves the strict inequality.

Theorem A.7 (Mixing with approximate Lewis weights). Under the hypotheses of Theorem 4.2,
suppose the deterministic measurable estimate Eq. (79) satisfies εw ≤ capp/d. Then the padded
approximate-metric LS walk of Definition A.1 is exactly reversible with stationary distribution π.
For every w-warm initial law µ0 and every 0 < δ < 1,

dTV(µ0P̄
t, π) ≤ δ for all t ≥ Õ((d2 + dL2R2) log(w/δ)). (84)

Proof. Detailed balance. Because x 7→ Ḡ(x) is deterministic and measurable, the accepted move
density satisfies

e−f(x)q̄x(y)(1 ∧ R̄x(y)) = min{e−f(x)q̄x(y), e−f(y)q̄y(x)}.
Thus rejection and laziness give an exactly π-reversible kernel.

Local kernel overlap. Lemmas A.5 and A.6 meet the hypotheses of the metric-independent
kernel-overlap argument in Lemma 4.28, with barred constants. Hence the lazy kernels P̄x, P̄z have
a fixed positive common mass whenever Eq. (53) holds, where closeness is still measured in the
exact reference metric G. The proof of Lemma 4.33 uses only this local kernel overlap, reversibility,
and the νG-symmetry of the reference metric. It therefore applies with the barred common-mass
constant and gives

Φ(P̄ ) ≥ cr√
d(ν̄LS + L2R2)

.

Conductance and mixing. The same lazy Cheeger and warm-start L2 argument as in the proof
of Theorem 4.2 proves Eq. (84).

The spectrahedral approximation is randomized, so we also need a seed-averaged version of the
preceding perturbation argument.

Lemma A.8 (Two-seed perturbation for random metrics). Let ωs have a state-independent base
law, let Ḡ(x;ωs) be a measurable positive-definite output, and let q̄x,ωs be its conditional Gaussian
proposal density. Draw ωs at x, propose y, draw an independent seed ω′

s at y when y ∈ K◦, and
accept with probability

1 ∧ e
−f(y)q̄y,ω′

s
(x)

e−f(x)q̄x,ωs(y)
.

Proposals outside K◦ are rejected. The resulting marginal kernel is exactly π-reversible.
Suppose that, uniformly in x, a good-seed event Gx(ωs) has probability at least 1− β0 and

dTV(qx, q̄x,ωs) ≤ τ on Gx(ωs).

Suppose also that the reference proposals have overlap at least 1 − δq for the close pairs under
consideration. For every x, let Bx ⊆ K◦ be measurable with qx(Bcx) ≤ ϵ. Assume that for y ∈ Bx
the conditional Metropolis ratio is at least e−C whenever the seeds at x and y are both good, where
C ≥ 0. Then, before the fixed laziness factor, the moving kernels have common mass at least

e−C(1− β0)(1− δq − 2ϵ− 4τ − 2β0). (85)
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Proof. Reversibility. The marginal accepted flow is

Eωs,ω′
s
[min{e−f(x)q̄x,ωs(y), e

−f(y)q̄y,ω′
s
(x)}],

which is symmetric after interchanging the two independent seeds. This is the two-seed device of
Gu et al. [GKM+24, Lemma D.12].

Common mass on good seeds. Define the good-seed proposal subdensity

qgoodx (y) := Eωs [1Gx(ωs)q̄x,ωs(y)].

The total-variation hypothesis and the identity between total variation and half the L1 distance
give

∥qgoodx − qx∥L1 ≤ 2τ + β0.

Thus, for each close pair,

∫
min{qgoodx (y), qgoodz (y)} dy ≥ 1− δq − 2τ − 2β0.

Indeed,

∫
min{qgoodx , qgoodz } = 1

2
(∥qgoodx ∥1 + ∥qgoodz ∥1

− ∥qgoodx − qgoodz ∥1).

Here ∥qgoodx ∥1, ∥qgoodz ∥1 ≥ 1 − β0; the claim follows by the triangle inequality through qx, qz. The
same total-variation hypothesis gives

qgoodx (Bcx) ≤ ϵ+ τ, qgoodz (Bcz) ≤ ϵ+ τ.

Restricting the common proposal mass to Bx∩Bz therefore removes at most 2ϵ+2τ . At a remaining
proposal y, requiring the independent reverse seed to be good contributes the factor 1−β0. Applying
the conditional lower bound e−C proves Eq. (85).

Because the good-seed guarantee is pointwise in the current state, fresh independent endpoint
seeds, exact conditional densities, and a positive-definite metric on every seed suffice; no event need
hold simultaneously over the mixing horizon.

A.3 Arithmetic complexity for polytopes

Because the current metric is cached, each feasible proposal requires at most one new Lewis-weight
computation. Combining this per-step cost with Theorem A.7 gives the total arithmetic bound
below. Throughout the two arithmetic corollaries, we use log(ew/δ) = 1 + log(w/δ). Since w ≥ 1,
0 < δ < 1, and the displayed geometric prefactors are at least one, this absorbs the one-time metric
build and evaluation of f .

Corollary A.9 (Arithmetic complexity for polytopes). In the exact-arithmetic model described
below, run Algorithm 1 with εw = capp/d. It can be implemented with

Õ(ndω−1 + dω) (86)
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arithmetic operations and at most one new evaluation of f per Markov step. Here ω denotes the
exponent of square-matrix multiplication. Consequently, for every 0 < δ < 1, starting from an exact
draw X0 ∼ µ0, where µ0 is w-warm, the walk reaches total-variation error δ using

Õ((d2 + dL2R2)(ndω−1 + dω) log
ew

δ
) (87)

arithmetic operations and Õ((d2 + dL2R2) log(ew/δ)) evaluations of f .

Proof. Lewis weights. The slack-scaled matrix Ax has n rows and d columns. The fixed-schedule
estimator in Eqs. (80)–(81) returns the coordinatewise estimate Eq. (79) in

O(p2 log
npαLW

εw
)

iterations, each computing the full leverage-score vector exactly. Here p = max{4, 2(1+logn)} and
εw = capp/d, so the number of iterations is polylogarithmic in n, d. One full leverage-score vector for
an n× d matrix costs O(ndω−1) arithmetic operations by forming and factoring its weighted Gram
matrix and evaluating all row quadratic forms. Hence one call to ApproxLewisεw costs Õ(ndω−1)
arithmetic operations.

One transition. Forming slacks and checking membership costs O(nnz(A)); assembling the
weighted Gram matrix is covered by O(ndω−1); and factoring Ḡ, drawing the Gaussian from that
factor, computing its determinant, and evaluating the two quadratic forms cost O(dω). The current
metric, factorization, determinant, slacks, and target value are cached. Laziness is tested before
any proposal work. Thus each nonlazy iteration computes at most one new feasible-endpoint metric
and one new target value; on acceptance those become the next cache. The initial cache is built
once, so there are at most t+ 1 builds in t steps. This proves Eq. (86).

Total cost. Combining the per-step bound with Theorem A.7 and including the initial build
and evaluation of f gives Eq. (87) and the stated number of evaluations of f .

Remark A.10 (Exact-arithmetic model). Field operations, comparisons, scalar powers and roots,
logarithms and exponentials, and exact Gaussian and uniform variates have unit cost. The count
includes the Lewis iterations, slack and membership computations, metric factorization, the two
Gaussian quadratic forms, and one new target evaluation at a feasible proposal.

The initial warm draw and the parameters L,R,w are supplied. We do not count finite-bit
conditioning, approximate Gaussian generation, or an inexact Metropolis decision. Thus the corol-
lary is an arithmetic-operation bound, not a bit-complexity result. A bit-complexity result would
additionally require controlling the precision of ill-conditioned diagonal scalings.

A.4 A sketched log-det metric

For spectrahedra, write κld for the scale denoted there by κ, and put

Hld(x) := ∇2(− log detS(x)), Gld(x) := κldHld(x) + L2I.

Thus Gld is the exact reference metric, and n denotes the pencil block size. Let A ∈ Rd×n2
have

i-th row vec(Ai)
⊤, where vec denotes column stacking, and put

Bx := A(S(x)−1/2 ⊗ S(x)−1/2). (88)

Then Hld(x) = BxB
⊤
x . If S(x) = LxL

⊤
x , the symmetric inverse square root in Eq. (88) may be

replaced by Tx = L−⊤
x , since TxT

⊤
x = S(x)−1; the corresponding rows are vec(T⊤

x AiTx)
⊤.
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A TensorSRHT compresses this Gram factor before the d×dmetric is formed. Fix 0 < εs < 1/10
and 0 < βs < 1/10. For a fresh TensorSRHT seed ωs, let Πωs ∈ Rs×n2

be the transform of [GKM+24,
Definition G.10], where, for a sufficiently large universal CTS,

s := ⌈CTSε
−2
s d log3

nd

εsβs
⌉, Zx,ωs := ΠωsB

⊤
x ∈ Rs×d. (89)

If n is not a Hadamard size, let n′ be the next power of two and replace the pencil by S(x)⊕ In′−n
and every direction by Ai⊕0n′−n. The feasible body and log-det Hessian are unchanged. Moreover,
the whitened directions become Āi(x) ⊕ 0, so the leverage operator becomes Ψ(x) ⊕ 0 and ψ+

∗ is
unchanged. Since n′ < 2n, this padding changes the mixing and arithmetic bounds by at most a
universal constant. We henceforth relabel n′ as n. Define a positive-definite output on every seed
by

Ĥ(x;ωs) :=

{
Z⊤
x,ωs

Zx,ωs , Z⊤
x,ωs

Zx,ωs ≻ 0,

Id, otherwise,

and apply one-sided padding:

H̄ld(x;ωs) := (1− εs)−2Ĥ(x;ωs), Ḡld(x;ωs) := κldH̄ld(x;ωs) + L2I.

The fallback makes the conditional proposal well defined for every seed; the approximation state-
ment below is restricted to the sketch-success event.

Lemma A.11 (Tensor sketch implies metric approximation). For each fixed x ∈ K◦, with proba-
bility at least 1− βs over ωs,

Hld(x) ⪯ H̄ld(x;ωs) ⪯ eθsHld(x), Gld(x) ⪯ Ḡld(x;ωs) ⪯ eθsGld(x),

where

θs := 2 log
1 + εs
1− εs

≤ 8εs.

Proof. Lemma G.12 of [GKM+24] gives, simultaneously for all v ∈ Rd,

(1− εs)∥B⊤
x v∥ ≤ ∥ΠωsB

⊤
x v∥ ≤ (1 + εs)∥B⊤

x v∥

with probability at least 1− βs. Squaring gives

(1− εs)2Hld(x) ⪯ Ĥ(x;ωs) ⪯ (1 + εs)
2Hld(x).

On this event the middle matrix is positive definite, so the fallback is not used. Padding proves the
first sandwich. Adding L2I proves the second exactly as in Lemma A.2. Finally, 2 log((1 + t)/(1−
t)) ≤ 8t for 0 ≤ t ≤ 1/2.

Definition A.12 (Two-seed sketched log-det walk). At every nonlazy step from x, draw a fresh
seed ωs and propose

Y ∼ q̄ldx,ωs
:= N(x,

r2

d
Ḡld(x;ωs)

−1).

Reject if Y /∈ K◦. Otherwise draw an independent fresh seed ω′
s at Y and accept with probability

1 ∧
e−f(Y )q̄ldY,ω′

s
(x)

e−f(x)q̄ldx,ωs
(Y )

. (90)

Both conditional densities in Eq. (90) are evaluated exactly, and the chain is 1
2 -lazy. Write P̄ld for

the resulting lazy kernel.
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Remark A.13 (Fresh seeds). The sketches at the two endpoints are deliberately independent.
Reusing the reverse seed after an accepted step would make the next forward seed depend on the
chain history and would require a different, lifted-state analysis.

For the implementation, use the direct exact metric when n < s and the sketched metric when
n ≥ s. Algorithm 2 spells out both branches. In the sketched branch, neither random metric is
stored in the returned cache: the next nonlazy transition draws a fresh forward seed.

Algorithm 2 One step of the direct-or-sketched log-det walk

Require: Current cache (x, Sx, Lx, f(x)) with Sx = S(x) = LxL
⊤
x ; fixed εs, βs, and s from Eq. (89).

1: With probability 1/2, return the current cache. ▷ laziness
2: if n < s then
3: Form Gx ← Gld(x).
4: else
5: Draw a fresh TensorSRHT seed ωs and form Gx ← Ḡld(x;ωs).
6: end if
7: Factor Gx = CxC

⊤
x and compute log detGx.

8: Draw ξ ∼ N(0, Id), set h← r√
d
C−⊤
x ξ, and set y ← x+ h and Sy ← Sx +

∑d
i=1 hiAi.

9: if Sy ̸≻ 0 then
10: return the current cache.
11: end if
12: Factor Sy = LyL

⊤
y .

13: if n < s then
14: Form Gy ← Gld(y).
15: else
16: Draw an independent fresh TensorSRHT seed ω′

s and form Gy ← Ḡld(y;ω
′
s).

17: end if
18: Factor Gy = CyC

⊤
y , compute log detGy, and evaluate f(y).

19: Compute the exact conditional log Metropolis ratio

ℓ← f(x)− f(y) + 1

2
log

detGy
detGx

− d

2r2
h⊤(Gy − Gx)h.

20: Draw Uacc ∼ Unif(0, 1); if logUacc ≤ min{0, ℓ}, return (y, Sy, Ly, f(y)); otherwise return the
current cache.

Theorem A.14 (Mixing with a sketched log-det metric). Under the hypotheses of Theorem 5.1,
there are universal constants cs, β̄s > 0 with the following property. Let ψ̂ ≥ ψ+

∗ be a supplied upper
bound and choose κld by replacing ψ+

∗ with ψ̂ in Eq. (74). If εs ≤ cs/d and βs ≤ β̄s, then the walk
of Definition A.12 is exactly reversible with stationary distribution π. For every w-warm initial law
µ0 and every 0 < δ < 1, it satisfies

dTV(µ0P̄
t
ld, π) ≤ δ for all t ≥ Õ((ψ̂nd+ dL2R2) log(w/δ)). (91)

Remark A.15 (Reading the bound). The sketch guarantee is pointwise at the current state, but
the failed seeds are part of the transition kernel itself. Hence no union bound over the mixing
horizon is needed. Since ψ+

∗ ≤ d, the choice ψ̂ = d is always valid and gives the unconditional order
Õ((nd2 + dL2R2) log(w/δ)).

Proof. Reference event. Because ψ̂ ≥ ψ+
∗ , the proof of Lemma 5.15 applies with ψ+

∗ replaced by ψ̂.
Write qldx and Rld

x for the exact spectral reference proposal and ratio. The good event used in the
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proof of Lemma 5.15 already contains the Gaussian norm event and hence

∥Y − x∥2Gld(x)
=
r2

d
∥ξ∥2 ≤ Cr2.

Lemma 5.17 and its distortion conclusion then give ∥Y − x∥2Gld(Y ) ≤ Cr2 on the same feasible

event. Thus the exact reference proposal has, with failure at most the same universal ϵ ≤ 1/10, a
two-endpoint event on which logRld

x (Y ) ≥ −Cacc and both displayed local norms are O(r2).
Conditional proposal comparison. On a good sketch seed, Lemma A.11 and the Gaussian KL

calculation of Lemma A.3 give

dTV(q
ld
x , q̄

ld
x,ωs

) ≤ C
√
d θs =: τs. (92)

Moreover, for z, u ∈ K◦ and a good seed at z,

| log
q̄ldz,ωs

(u)

qldz (u)
| ≤ dθs

2
+
d(eθs − 1)

2r2
∥u− z∥2Gld(z)

. (93)

For εs ≤ cs/d, this is O(1) at both endpoints of the reference event, while τs = O(cs/
√
d). Hence, on

good endpoint seeds, the conditional log Metropolis ratio is at least −C̄acc for a universal C̄acc <∞.
Reversibility and common mass. The good-seed subdensity argument in Lemma A.8 is barrier-

independent. Apply it with Eqs. (92) and (93), the exact proposal overlap Lemma 5.19, and
the independently good reverse seed. Before the fixed laziness factor, the resulting moving-kernel
common mass is at least

e−C̄acc(1− βs)(1−
1

2
− 2ϵ− 4τs − 2βs).

Choose the universal cs, β̄s so that this is positive. The marginal accepted flow is exactly symmetric
by the seed-interchange argument of Lemma A.8, so the chain is exactly reversible.

Conductance and mixing. The proofs of Lemmas 5.20, 5.22, and 5.24 use only a positive
universal common-mass constant and the exact reference geometry. They therefore apply to the
sketched kernel, and the warm-start argument in Theorem 5.1 gives Eq. (91).

A.5 Arithmetic complexity for spectrahedra

At each state, we use the direct construction when n < s and the sketched construction when n ≥ s,
so every transition is charged to the cheaper metric build in its dimension regime.

For positive integers a, b, c, let Tmat(a, b, c) denote the arithmetic cost of multiplying an a × b
matrix by a b× c matrix. At εs = Θ(1/d) and constant βs, Eq. (89) gives s = Õ(d3). A complete
fresh sketched-metric build has cost

Csk(n, d, s) := O(dn2 + nω + dTmat(n, n, s) + Tmat(d, s, d) + dω). (94)

Here the first two terms form and factor the slack, the third is the TensorSRHT construction of
Z from [GKM+24, Lemma G.12], the fourth forms Z⊤Z, and the last tests and factors the d × d
metric. The Õ(n2) Hadamard work is absorbed. The fourth term is listed separately because
[GKM+24, Lemma G.12] constructs Z, not its Gram matrix.

There is also the direct exact build

Cex(n, d) := O(dn2 + dnω + n2dω−1 + dω), (95)

obtained by forming the d slack-congruenced directions, their Frobenius Gram matrix Hld, and the
factorization of Gld. When n < s, the implementation runs the exact-metric walk of Theorem 5.1
and uses this direct build. When n ≥ s, it runs the sketched walk of Definition A.12 and uses
Eq. (94). In this rule, fix εs = cs/d and βs = β̄s/2, and take s from Eq. (89).
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Corollary A.16 (Arithmetic complexity for spectrahedra). Under the hypotheses and parameter
choices of Theorem A.14, consider the implementation that uses the direct build when n < s and
the sketched build when n ≥ s. In the exact-arithmetic model described below, each Markov step
uses

Õ(nω + n2d3ω−5) (96)

arithmetic operations and at most one new evaluation of f . Here ω denotes the exponent of square-
matrix multiplication. For every 0 < δ < 1, starting from an exact draw X0 ∼ µ0, where µ0 is
w-warm, it reaches total-variation error δ using

Õ((ψ̂nd+ dL2R2)(nω + n2d3ω−5) log
ew

δ
) (97)

arithmetic operations and Õ((ψ̂nd + dL2R2) log(ew/δ)) evaluations of f . With the unconditional
choice ψ̂ = d, replace ψ̂nd by nd2 in both total bounds.

Proof. Direct branch. Full-dimensional boundedness implies d ≤ n(n + 1)/2 = O(n2). If n < s =
Õ(d3), use the direct build Eq. (95). Since ω ≥ 2 and n ≤ Õ(d3),

dnω ≤ Õ(n2d3ω−5), n2dω−1 ≤ n2d3ω−5,

and the remaining terms are smaller, so Cex = Õ(nω + n2d3ω−5).
Sketched branch. If n ≥ s, use the sketch. Standard square blocking gives

dTmat(n, n, s) = Õ(n2d3ω−5),

which is the rectangular-multiplication bound used in [GKM+24, Section 2.4]. Also Tmat(d, s, d) =
O(sdω−1); because s = Õ(d3) and n ≥ s, this and every other term in Eq. (94) are absorbed by
Õ(nω + n2d3ω−5).

Transitions and total cost. A nonlazy feasible transition uses one fresh forward build and one
fresh reverse build. This factor of two is constant; slack factors and the current target value may be
cached, but random metrics are not reused. Hence Eq. (96) holds. Multiplying it by Eq. (91) in the
sketched branch, and by the proof of Theorem 5.1 with ψ+

∗ replaced by ψ̂ in the exact branch, gives
the total transition cost. Including the initial metric build and evaluation of f proves Eq. (97).

Remark A.17 (Arithmetic model and scope). For the spectrahedral bound, field operations,
comparisons, scalar elementary functions, and exact Gaussian, uniform, and Rademacher variates
have unit cost. The count includes forming and factoring the slack, applying the TensorSRHT,
forming its Gram matrix, factoring the proposal metric, evaluating both conditional Gaussian
densities, and making the two-seed Metropolis decision. The input supplies an exact warm draw
and the parameters L,R,w and ψ̂; the choice ψ̂ = d avoids certifying the leverage supremum.

The polytope implementation uses a deterministic metric, whereas the spectrahedral imple-
mentation uses fresh independent endpoint seeds. In both cases, the Metropolis ratio uses the
actual conditional proposal densities, and the comparison above transfers acceptance, overlap, and
conductance from the exact reference walk to the implemented kernel.

The bounds exclude finite-bit conditioning and rounded Gaussian sampling. They also exclude
an inexact Metropolis decision and construction of the warm start. Thus they count arithmetic
operations, not bit complexity.
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